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Abstract: Based on the dielectric continuum model and Loudon’s uniaxial crystal model, quasi-confined (QC) op-

tical phonon modes and electron-QC phonon coupling functions in quasi-one-dimensional (Q1D) wurtzite quantum
well wires (QWWs) are deduced and analyzed. Numerical calculations on an AIN/GaN/AIN wurtzite QWW are
performed. The results reveal that the dispersions of the QC modes are quite obvious only when the free wave-

number k. in the z-direction and the azimuthal quantum number m are small. The reduced behavior of the QC

modes in wurtzite quantum systems is clearly observed. Through the discussion of the electron-QC mode coupling

functions,it is found that the lower-frequency QC modes in the high-frequency region play a more important role

in the electron-QC phonon interactions. Moreover.,our computations also prove that k., and m have a similar in-

fluence on the electron-QC phonon coupling properties.
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1 Introduction

High optical efficiency, strong atomic bond-
ing,and wide band-gap are the typical characteris-
tics of nitride semiconductor materials, which
make the materials attractive as a basis for the
creation of reliable high-temperature and high-
frequency electronic equipments and short-wave-
=131 For example,
high-brightness blue/green nitride-based light-
emitting diodes and lasers based on nitride quasi-

length optoelectronic devices

two-dimensional planar heterostructures have
been commercialized.

Recently, with the great progress of crystal
growth technology, such as MBE, MOCVD, and
HVPE, quasi-one-dimensional ( Q1D ) wurtzite
GaN and ZnO quantum well wire (QWW) hetero-
structures have been successfully synthesized* ™ *'.
Q1D self-organized ZnO and GaN QWW ultravio-
let lasers have a narrow emission linewidth and

relatively low threshold™® . It is well known that
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nanostructures provide important degrees of free-
14 It may considera-
bly change the density of phonon states, induce

dom for phonon engineering

surface-related vibrations, and spatially confine
the bulk phonon modes. Moreover. the Raman
scattering spectra of Q1D wurtzite QWWs have
also shown more complicated phonon vibration
properties than those in zinc-blende planar and
cylindrical heterostructures”~"'. Due to the reduc-
tion of the dimensionality and the anisotropy of
wurtzite structures, the properties of optical pho-
non modes in wurtzite QWWs have revealed more
distinct phonon branches™ ¥, Therefore,it is im-
portant and necessary to investigate the lattice dy-
namic properties of wurtzite Q1D QWWs.

In fact, based on the dielectric continuum
(DC) approximation and Loudon’s uniaxial crys-
tal model"' ,several authors have made great con-
tributions in studying polar optical phonons and
their electron-phonon interactions in wurtzite ni-

tride heterostructure systems® %

[10]

. For example,

Gleize et al. investigated the dispersion prop-
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erties of polar optical phonons in wurtzite GaN/
AIN quantum wells and superlattices. Recently,
Shi''" exactly solved the equation of motion for
the p-polarization field in an arbitrary wurtzite
multilayer heterostructure by using the transfer
matrix method. His results reveal that five types
of optical phonons, including the quasi-confined
(QC) modes, the interface optical (I0) modes,
the propagating modes, the exactly confined
modes,and the half-space (HS) modes, coexist in
wurtzite multilayer quantum systems. On the basis
of his work, Li et al."" further studied the dis-
persion properties of the QC optical phonon
modes in multilayer GaN/AIN wurtzite QWs. In
our recent work*!, the optical phonon modes in a
cylindrical QWW were examined theoretically,
and the existence of the QC phonon modes in the
wurtzite QWWs was predicted. However, the
properties of the QC modes in the wurtzite QWWs
have not been fully understood. The purpose of
this paper is to solve the QC phonon modes and
derive the electron-QC phonon
Frohlich-type Hamiltonian in a wurtzite Q1D het-

interaction

erostructure.

It is necessary to discuss the relationship be-
tween this work and that in our previous stud-
iest’™ in brief.In Ref.[17],with the matrix trans-
fer method,the polar interface and surface optical
phonon modes in a cubic multi-layer GaAs/Al-
GaAs Q1D quantum cable were investigated in de-
tail. The frequency dispersion of the interface
(surface) modes and electron-phonon coupling
functions were numerically analyzed. The theoret-
ical scheme in Ref.[17] can be looked at as a gen-
eralization of the interface optical phonon modes
in general cubic-crystal Q1W QWWs with finite
lay-number. Moreover,it was proved that there u-
sually exist exact confined modes and interface
modes, but there is no QC optical phonon mode in
cubic-crystal quantum heterostructures in general.
In the present research, the QC optical phonon
modes in a wurtzite Q1D QWW with only two co-
axial cylindrical heterostructures are deduced and

studied. Hence the present work can be treated as
an extensional attempt of confined phonon modes
from cubic-crystal a Q1W quantum heterostruc-
ture to a wurtzite Q1W QWW system.

The main accomplishments and significance
of this work are as follows. (1) Through the
method of expanding the electrostatic potential,
the free QC phonon field and corresponding
Frohlich electron-phonon interaction Hamiltonian
in a wurtzite QWW have been derived. (2) The
characteristics of the QC phonon dispersion and
the electron-QC phonon coupling functions have
been calculated and analyzed,and a detailed com-
parison of these characteristics with those in
wurtzite planar heterostructure systems has been
exhibited. (3) The present theoretical scheme and
the numerical results are important and useful for
further experimental and theoretical investiga-
tions of QC phonon effects in some complicated
Q1D waurtzite heterostructures. In addition,in this
paper.the QC phonon dispersion relations and the
electron-QC phonon interaction Hamiltonian are
deduced,and the numerical results for the disper-
sion of the QC optical phonon and the electron-
QC phonon coupling functions for a GaN/
Al,Ga,;- ,N QWW are reported and discussed.

2  Theory

Within the framework of the DC model, the
electrostatic potentials @(r) of the polar vibrating
modes in the wurtzite Q1D quantum well wires
are determined by the second-order differential
function

—e (@D ViDr) —e,(Vidr) =0 (1)

where ¢, and ¢, are the dielectric functions in the
directions along and perpendicular to the c-axis of
the wurtzite material, respectively. With the aid of
Loudon’ s uniaxial crystal model™’, the electro-
static potential of the QC phonon modes (also the
solutions of Eq. (1)) for an AIN/Al,Ga,-,N/AIN
wurtzite QWW can be written in cylindrical coor-
dinates as

Allm(ylkzp)v p< R1
o(r) = Zexp(imgo)exp(ikzz) And o (rok.p) + B Y, (2k.p)y R <p<<R, (2)
m'kz ABKrn(y.'%kzp)’ (0> RZ

where m and k. are the azimuthal quantum num-
ber and the free wave-number in the z-direction,

respectively, K, (x) and I, (x) are the modified
Bessel functions of the first and second kind, re-
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spectively,and J,, (x) and Y, (x) are the Bessel
function and the Neumann function, respectively.
v:(i=1,2,3) is the ratio of the dielectric func-
tions,defined by

¥i(w) = | ¢ (w) | (

¢ = Sign[ezi(w)eu(w)] ‘ e (w) /e (w) ‘
The QC phonon modes behave just like a confined
electron in a quantum well with a finite potential
barrier'®'*'. Hence the functions ¢ and ¢ should

3

take positive values,and ¢, gets a negative value.
Thus the QC modes display oscillating waves in
the Al,Ga,-,N well materials and decaying waves
in the AIN barrier materials' "'~ */.

Using the standard boundary conditions,
i.e.,the continuity of the phonon potential func-
tions and their normal components of electric dis-

I, (rnk.R) —J.(y2k.R)
eailln Nnk.R)D+ —eovo[Ju 1 (r2k.Ry) —

I, (yik.R)] w1 (Vo k R
0 Ju (v2k.R2)
61272[1;“—1 (72k.R>) —

0
J;n+1(yzsz2)]

Equation (4) gives the dispersion relation of the
QC optical phonon modes in a Q1D wurtzite
QWW system.

Following the quantization steps for polar
phonon fields as analogous to the interface optical

phonons in wurtzite and cubic quantum sys-
[11~13,16.17]

tems ;,we get the free QC phonon fields
as
. 1
Hoe = ghw[bm(kz)bm(kz) + ﬂ (6)

where b’ (k.) and b,, (k.) are the creation and
annihilation boson operators for phonons of the
(m, k.)-th modes, respectively. Moreover, the e-
lectron-QC phonon interaction Hamiltonian can
also be obtained as

— § : QC
Hc—QC - = Fm.kl
mik

[exp(img)exp(ik.2) b, (k) +h.c.] (D)

where I‘?V,Ck (p) is the electron-phonon coupling

(p) X

function,defined as

nglm()’lszo)’ p<R,

22 )0 (ve ko) +

%, () = Npi x<° R <R,

meky 20 2 1 8 Ym()’Zkzp)v I <P\ B
oK, (ko). o= R

(8
In Eq. (8), N,,I,k: is the normalization constant,

placements at the interfaces p=R; (i =1,2),0ne
can obtain the following formula in regard to the
coupling coefficients A; and B; :

I.(vyk.RDA, = J, (k. R1DA, + Y, (v2k.R\)B;,

0 Gukep) ]

e FJ[lm(}ﬁkzg)]‘ A, A, +
do =Ry do =Ry
Ykl
t2 (){O p:RI 29

Ju (o k.R:DA, + Y, (v2k.R:)B, = K, (vsk.R,) A5,

d : J Lk,
( LaGhpl| L WGkl
Jdo o=R, Ip =Ry

A?%

=R,

4

€3

LK. (n kz@)]

Ip ,
The condition that Eq. (4) has nontrivial solutions
for A; and B; results in the following 4 X 4 deter-

minant:

- Ym(kale) O
—ee?: Yt (72k.R\) —

0
Y i1 (Vo kR

=0
Ym(YZkZRZ) _Km(y?;szZ)
eoe Yoot (v2k.Ry) — e[ Kot (75k.Ry) +
Ym+1(72szz):| Km+1(73szz):|
(5)
which is determined by the condition"'®
2 3 ]\]2 . 2
he® m»kzg‘)J dei (w) | 9 (1)
20 21 2 R,d{ I 20 | T
2 2
aE[[(w) (7¢i(r) +aez;(w) a¢i(r) } 9)
‘0(7(0 950 dw Jdz

The coupling coefficients g; (i =1,2,3.4) of the
clectrostatic potentials in Eq. (8) ,are defined as
81 = €1272Km()’sszz){[Jm—l(Vzsz1> -
Jm+1(72sz1)]Ym(7’2sz1) +
Ju (k. ROLY ot (02k.R\) = Yt (v kR 1}

(10
g = K, (rsk.R)){eari In-iv Onk.RDY,, (v2k.R)) +
ca Vi lma (k. RDY (2 k.Ry) +eoy I, (y1k.Ry) X
(Y1 (7:k:R)) = Y,y (2k.RDT) (1D
g =— Kn(rsk.R)){eari Loy (i k:RDJ (72 k.R) +
ea Vi Lt (k. R DI (o k.R)) +exvel,, (i k.R\) X
[Jm+1(72k:R|) —Jm—l(yzszl)]} (12)
g, = €t171[1m(71kZR1) + Im+1(71sz1)] X
[(Jp (02 k.RDY . (7, k.R) — J (v k.Ry) X
Yu(rk.RD1+ e L (kRO (2k:R\) —
Jwir (k. RDVY (v k.Ry) + J, (72k.R,) X
LY, (k.Ry) — Y, 1 (pnk.RD]} (13

3 Results and discussion

In this section,we will further discuss the dis-
persive properties of QC modes and the coupling
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behavior of electron-QC phonons. A wurtzite Q1D
AIN/GaN/AIN QWW is chosen to perform nu-
merical calculations. For convenience, the GaN
well-material and AIN barrier-material will be de-
noted by subscripts 1 and 2, respectively. The
widths of the QWW system are 2as/2ag/% in
Figs.1 to 3(ay is the effective Bohr radius of the
wurtzite GaN material, which is approximately
2.4nm) . The material parameters used in our cal-
culation come from Refs.[11~13].

hoy,

k,ay

Fig.1 Dispersion frequency hw of QC optical phonon
modes as a function of the free wave-number k. in the
z-direction when the azimuthal quantum number m is
kept at 0

The dispersion frequency hw of the QC opti-
cal phonon modes as a function of the free wave-
number k., in the z-direction is shown in Fig. 1.
The azimuthal quantum number m is treated as a
parameter and kept at 0 in the figure. From the
figure,it can be seen that the frequencies of the
QC modes fall into two independent frequency re-
gions: the higher frequency region hw,: ~ hwu
and the lower frequency region hw,r; ~hwr . Thus
the frequency ranges of the QC modes in the
AIN/GaN heterostructures are completely deter-
mined by the characteristic frequencies of the
GaN material'™'. The QC modes of higher fre-
quency branches are labeled by i H,while those of
lower frequency branches are denoted by iL. We
can see that there are infinitely many branches of
QC phonon modes for a given phonon wave-num-
ber k. and azimuthal quantum number m ,but on-
ly the first six branches are displayed in each
range here. All of the QC modes in each region
start from the frequency value hw,, , hwy, for the
low and high frequency regions, respectively, and
go toward another frequency hwii » hw, for the
low and high frequency regions, respectively. The

low-order modes (i.e.the modes iL and iH with
little i) have stronger dispersion. For the same
modes,the dispersion is strong at low and mediate
wave-numbers k., and it becomes almost flat at
larger k.. Furthermore, all of the low-frequency
modes are monotonic and incremental functions
of the free wave-number k. ,while all of the high-
frequency ones are monotonic and degressive
functions of k,. This feature is very different
from the cases in wurtzite planar GaN/AIN quan-

tum well systems'"'*

. In fact, the dispersion of
low- (high-) frequency QC modes in single wurtz-
ite quantum wells is a monotonic and degressive
(incremental) function of k.. The main reason
for these distinctions is the different confined di-
mensionalities between quantum wells and quan-
tum well wires''' "/,

It is worth mentioning that the OL mode in
the low-frequency region is special. The QC mode
transforms to the interface modes after going be-
yond the frequency range of the QC mode. This is
due to the overlap of characteristic frequencies
between wurtzite GaN and AIN materials. More-
over,it also can be fully understood from the defi-
nition of y; (w) in Eq. (3).0nce w>wn -the func-
tion ¥; (w) becomes a positive value. The QC can-
not exist in this situation, and it will decrease to
become the interface optical modest™ .

Due to the Q1D confined properties of wurtz-
ite quantum well wires, the dispersion frequencies
of the QC modes are functions not only of k,,but
also of the azimuthal quantum number m . The QC
mode frequencies hw of the first six branches in
the low- and high- frequency regions as functions
of m are plotted when k. is kept at 5/ap in
Fig.2. The frequencies are discrete functions of
the quantum number m,and the broken lines in
each curve are just guides for the eyes. Analogous
to the case in Fig. 1, the dispersions are obvious
only when m is small. The low-order QC modes
with smaller i are more dispersive than the high-
order ones with larger i. Each higher frequency
branch (iH) is a monotonic and degressive func-
tion of m, while each lower frequency branch
(iL) is a monotonic and incremental function of
m ,which is different from the dependence of hw
on the wave-number k,.The reduced behavior of
the OL mode is also clearly observed in Fig. 2,
i.e., the OL mode appears after the azimuthal
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number m is over 1. The physical and mathemati-
cal reasons have been analyzed above.

91.8}
F o ssesidensa ,
91 5 - '**t*’ .
| B iaalal ...:,, .
g1 “vaL
% : »»,’ - 4L
. k=5 T3k
S r
= 69.0 ’
6751
66.0

Fig.2 QC mode frequencies hw of the first six bran-
ches in low- and high- frequency regions as functions
of m when k. is kept at 5/asp

Figure 3 depicts the electrostatic potential
spatial distributions of the QC modes in the sys-
tems. The wave-number k, and the azimuthal
number m are parameters. For convenience, the
coupling functions of the QC modes in the low
frequency region (iL) have been enlarged 5,10,
and 100 times in Figs.3(a),(b),and (c),respec-

(a)
m=0,k,a;,=0.6
il 1 L | -
£ (b)
&
>
Q
g
E
_SL az=0.6
3= A
= ©)
m=1,k,a,=2
8

pla

Fig.3 Electron-QC phonon coupling functions ,,fsz

(p) as functions of p The wave-number k. and the
azimuthal number m are kept at k, =0.6/ag,m =0
(a),k,=0.6/ag,m=1(b),and k., =2/ag.m =1(c),
respectively.

tively. For certain m and k., the electron-QC
phonon coupling strengths for the higher frequen-
cy branches (iH) are far larger than those of the
lower frequency branches (iL). Moreover, the
low-order QC modes with smaller i relative to the
high-order modes with bigger i play a more im-
portant role in the eclectron-phonon interaction.
Comparing Figs.3(a), (b),and (¢),we find that
the electron-phonon coupling magnitudes become
weaker with the increasing of k., and m . This re-
veals that the free wave-number k, and the azi-
muthal quantum number m have similar influence
on the electron-QC phonon coupling functions.
Also the iH and iL modes only have i —1 node
points in the well-layer region R;<Cp<CR,. This
feature is quite analogous to the case of electronic
states in finite quantum wells"'*"'* . On the other
hand, the eclectrostatic potential distributions of
the QC modes in wurtzite QWWs are neither sym-
metric nor anti-symmetric, which is completely
different from the situation in wurtzite planar
1 due to the
difference in their confined dimensionalities.

quantum well heterostructures-'”

In order to illustrate the influence of the
well-width on the electron-QC coupling function,
we plot I'(,f,ck (p) in Fig.4 as a function of p when
wave-number k., and the azimuthal number m are
kept at 1. The parameters of the outer radius R,
are chosen to be 3ag,4ag.and 6ap for Figs.4(a),
(b).,and (c¢),respectively. The inner radius R, =
Z2ay. The coupling functions of the low frequency
branches (iL) in the figures have been enlarged 5
times for clarity. By comparing the figures, we
find that except for the OL branch,all of the other
QC optical phonon modes increase obviously with
the increase of the well-width (R, — R,). For in-
stance,as R, changes form 3ajp to 4ay,the peak
value [in 10" (meV « C* «+ m) '] of the coupling
function for the OH branch increases from 4. 77 to
5. 89.Just like the analysis in Fig. 1, the behavior
of the OL branch is special. As the well-width of
the wurtzite QWW becomes large, the electron-
QC mode coupling strength of the OL mode de-
creases noticeably. This discussion of the depend-
ences of I,, (o) on the well-width reveals that
for a wurtzite Q1D QWW with relatively larger
well-width, more QC optical phonon branches
must be included to satisfy the accuracy when the
clectron-QC interactions (such as the polaronic
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effect and phonon scattering properties) are ana-
lyzed and calculated.

r —OL - a
4k --- 1L I @
... %h LY
210
Mo 2H .
0 e
2 R,=3ay
- 1 1 L 1
4 1 2 3 4 5 6
6 - (b)

< (p)/10"(meV-C>m)’
3]

QC
m,k,

r
IS
S

Fig. 4 [ﬁ‘:kz (p) as a function of p when k. =1/ap,m
=1 for three different well-widths (a) ap;(b) 2a3;

(c) 4ay  The inner radius R, is kept at 2ap.

Finally, it is necessary to briefly discuss the
influences of the cross-sectional shapes of the
wurtzite Q1D QW Ws and the material parameters
constituting the QWW system. In this work,a cy-
lindrical cross-section of the QWW is assumed for
simplicity. In fact, the cross-sectional shapes of
the QWW are affected by many complex factors,
such as the material properties and the crystal
growth conditions. Hence many Q1D QWWs with
different cross-sectional shapes, such as cylindri-
cal®*®1 | rectangular'®®’, and triangular®'’',
have been reported and studied. Furthermore, dif-
ferent cross-sectional shapes of QWWs result in
distinct optical phonon modes™**! ,a phenomenon
which needs to be investigated and analyzed in de-
tail. For example, there exist symmetric and anti-
symmetric interface modes in rectangular quan-
tum wires''**, but the interface modes in cylin-
drical QWWs do not have this symmetry"'®'"/, On
the other hand, the material parameters constitu-
ting the Q1D heterostructure also greatly influ-
ence the characteristics of the optical phonon
modes. Due to the anisotropy of wurtzite crystal,

the characteristic frequencies of wurtzite materi-
als are overlapping. Thus the frequency ranges of
the QC modes may be completely different for
different wurtzite heterostructures. For example,
in an AIN/GaN/AIN heterostructure, the frequen-
cy ranges of the QC modes are w,r.gan ~wir.can and
w..can ~ wiL.can s DUt the frequencies of the QC
modes must fall into the ranges w.r g
WL, Al |5 Gay oo N and w.i.can ~ @iy 10 an Al 15 Gag gs-
N/GaN/Al, s Ga, ss N heterostructuret™®’ . There-
fore, different materials not only change the pa-
rameters, but also influence the dispersion fre-
quency ranges of the QC modes. Of course, the
present theoretical schemes and formula of the
QC phonon modes are effective and reliable for a
general wurtzite Q1D heterostructure,and the dif-
ferent materials only affect the numerical results
of the dispersions and the electrostatic potentials
of the QC optical phonon modes.

4 Conclusion

In this paper.the QC optical phonon modes
and Frohlich electron-QC phonon interaction in
wurtzite Q1D QWW systems were deduced and
analyzed with the DC model and Loudon’s uniax-
ial crystal model. The dispersion of the QC modes
and the electrostatic potential distribution of a
wurtzite AIN/GaN/AIN QWWs are calculated nu-
merically. The results show that the dispersion of
the QC modes sensitively depends on the free
wave-number k. and azimuthal quantum number
m ,especially when k, and m are small. The re-
duced behavior of the QC modes in the wurtzite
QWWs has been clearly observed, and reasonably
physical and mathematical reasons have been ana-
lyzed. In the discussion of the electrostatic poten-
tial spatial distribution of the QC modes, it is
found that the lower-order modes in the high fre-
quency region make a more significant contribu-
tion to the electron-QC coupling interactions. The
free wave-number k. and azimuthal quantum
number m have a similar influence on the electro-
static potential distribution of the QC modes. The
well-width of the QWW also greatly affects the
coupling strength of the electron-QC mode inter-
action. Furthermore, it is proved that the potential
distribution of the QC modes is analogous to the
clectronic finite

cigenstates in a quantum
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well'"®~"*) The present theories and numerical re-
sults are important and useful for further theoreti-
cal and experimental investigations of optical
properties and the other effects and for device ap-
plications based on Q1D wurtzite quantum hetero-
structures.
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