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Abstract : This p aper p resents t he design considerations and implementation of an area2eff icient interp olat or suit2
able f or a delta2sigma D/ A converter . In an eff ort t o reduce t he area and design complexity , a met hod f or desig2
ning an FI R f ilte r as a tapped cascaded inte rconnection of identical subf ilters is modif ied. The p rop osed subf ilte r

st ructure f urt her minimizes t he arit hmetic number . Exp erimental results show t hat t he p rop osed inte rp olat or a2
chieves t he design specif ication ,exhibiting high perf ormance and hardware eff iciency ,and also has good noise re2
jection cap ability. The inte rp olation filte r can be applied t o a delta2sigma DA C and is f ully f unctional .
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1　Introduction

Sigma2delta (ΣΔ) digital2to2analog converters
(DACs) offer a way to achieve high resolution and
low distortion wit h relaxed post2analog filter re2
quirement s at a lower cost t han conventional
Nyquist converters[1～9 ] . This benefit has long been
recognized and utilized in digital audio systems ,in
which a large (16～24bit s) dynamic range is re2
quired at relatively modest signal bandwidt hs of
less than 20k Hz. A typicalΣΔ DAC , as shown in
Fig. 1 , consist s of a digital interpolation filter to
bring t he inp ut sample rate up to t he modulator
rate , a modulator to reduce the word width by
t rading off the out2of2band noise , and a 1bit D/ A
for out2of2band noise filtering and analog signal re2
const ruction.

Fig. 1　Block diagram of sigma2delta DAC

In mixed digital/ analog (D/ A) integrated sys2
tems ,digital signal p rocessing (DSP) takes t he ma2
jority of the silicon area ,while t he analog circuit ry
is limited to a very small portion. Therefore , t he
main obstacle in a sigma2delta DAC is t he low effi2

ciency of t he area integration of t he interpolator .
In t his paper , we present a high performance

interpolator st ruct ure t hat can be easily implemen2
ted in a small area. The optimization is performed
so t hat t he overall interpolator contains no general
multipliers. This is achieved by using hardware2ef2
ficient FIR filters in a tapped cascaded interconnec2
tion of identical sub2filters[10 ] , which requires no
multipliers. Furthermore ,as each pair of sub2filters
is replaced by one of our p roposed novel st ruc2
t ures , t he number of adders required f urt her de2
creases.

2　Architecture

In sampled2data systems , interpolators are
used to increase the sampling rate of a signal .
When a high oversampling ratio is required ,a cas2
cade of interpolation stages is generally used[1 ] .
This result s in a significant reduction in overall
hardware complexity as compared to a general sin2
gle2stage design. The digital filter can be pro2
grammed to implement the three2stage 1282times
interpolation filter that is shown in Fig. 2 (M1 = 2 ,
M2 = 2 ,M3 = 32) .

A cascade of two stages increases t he sampling
rate by a factor of 4. The use of two half2band fil2
ters for t his p urpose p rovides increased efficiency
as compared to a similar design employing only one
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Fig. 2　Block diagram of interpolation filter

half2band filter . They are characterized by t he same
stop2band and pass2band ripples and symmet ric
cutoff f requency at aroundπ/ 2. Approximately half
of t he coefficient s in t he two half band filters are
zero , t hereby reducing t heir comp utational com2
plexity by nearly 50 % as compared to a general di2
rect2form filter architecture. This reduction , to2
get her wit h t heir symmetric imp ulse responses ,al2
lows t he first and second half band filters to be
specified by only 13 and 6 non2zero coefficient s , re2
spectively.

A comb filter p rovides t he remaining factor2of2
32 increase in t he sampling rate. The advantage of
comb filters is t heir simple st ructure , which does
not require any multiplier or coefficient storage ,as
compared wit h t raditional FIR filters[11 ] . They are
mo st efficiently implemented by cascading L stages
of differentiators operating at low sample rates
(4 f s ) ,followed by L stages of cascaded accumula2
tors operating at high sample rates (128 f s ) . Such
architect ure utilizes wrap2around arit hmetic and is
inherently stable. The t ransfer f unction for a comb
filter has t he general form :

H3 ( z) = ( 1
K
×1 - z - K

1 - z - 1 ) L (1)

where

K = M/ 4 (2)

The filter has a sinc2shaped f requency response ,
with notches at integer multiples of f in to reject im2
ages. Here a sinc filter of second order is suffi2
cient ,because high f requency images are not critical
to t he performance of t he subsequent sigma2delta
modulator . By changing K , t he same interpolator
st ruct ure can be used for many interpolation ratio s
M . In ot her words ,t he architect ure of t he comb fil2
ter is fixed and independent of t he interpolation ra2
tio . The detailed specifications of t he half band and
sinc filters discussed in t his paper are shown in Ta2
ble 1.

Table 1　Specification of halfband and sinc filters

Stage
Type of

filter
OSR

Passband

f requency

/ k Hz

Sampling

f requency

/ k Hz

Stopband

attenuation

/ dB

1 Halfband 2 20 96 120

2 Halfband 2 20 192 60

3 Sinc 32 20 6144 40

3　Implementation of the interpolator

3. 1　Modif ied half band f ilter topology

This section present s t he design of H1 ( z) and

H2 ( z ) , which was accomplished by adopting t he
met hod proposed in Ref . [ 10 ] for optimally desig2
ning an FIR filter as a tapped cascaded interconnec2
tion of identical subfilters. Such a filter’s main ad2
vantage lies in t he fact that it has lower sensitivity
to finite word length effect t han t raditional FIR fil2
ters do . If a t raditional half band FIR filter is used
to meet the specification of H1 ( z ) , it would be
nearly impossible to achieve a stop band at tenuation
of 120dB ,assuming the coefficient s are quantized to
8bit s. If t he coefficient s are quantized to 20bit s ,t he
required filter order in this instance is more than
100 ,which is not an efficient and multiplier2less fil2
ter .

The t ransfer f unctions of half band filters are :

H1 ( z) = c (0) z - 105 + F1 ( z2 ) (3)

where

F1 ( z) = ∑
k = 3

k = 0
c (2 k + 1) ( H11 ( z) ) 2 k +1 z - (45 - 15 k)

(4)

with

H11 ( z) = ∑
7

n = 0
h (2 n) ( z - n + z - (15 - n) ) (5)

H2 ( z) = d (0) z - 9 + F2 ( z2 ) (6)

where

F2 ( z) = ∑
1

k = 0
d (2 k + 1) [ H12 ( z) ]2 k + 1 z - (3 - 3 k)

(7)

with

H12 ( z) = ∑
1

n = 0
g (2 n) ( z - n + z - (3 - n) ) (8)

Coefficient s h( n) , g ( n) , c ( n) ,and d ( n) are shown
in Tables 2 and 3 , respectively.
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Table 2　Coefficient s of the first halfband filter H1 ( z)

Fixed coefficient s CSD encoding
h(0) = h(30) - 0 . 0078125 - 2 - 7

h(2) = h(28) 0 . 015625 2 - 6

h(4) = h(26) - 0 . 0234375 - 2 - 5 + 2 - 7

h(6) = h(24) 0 . 0390625 2 - 5 + 2 - 7

h(8) = h(22) - 0 . 0625 - 2 - 4

h(10) = h(20) 0 . 109375 2 - 3 - 2 - 6

h(12) = h(18) - 0 . 203125 - 2 - 2 + 2 - 4 - 2 - 6

h(14) = h(16) 0 . 6328125 2 - 1 + 2 - 3 + 2 - 7

H (2 k + 1) 0 0
c(7) - 0 . 15625 - 2 - 3 - 2 - 5

c(5) 0 . 65625 2 - 1 + 2 - 3 + 2 - 5

c(3) - 1 . 09375 - 20 - 2 - 3 + 2 - 5

c(1) 1 . 09375 20 + 2 - 3 - 2 - 5

c(0) 0 . 5 2 - 1

c(2 k) ( k > 0) 0 0

Table 3　Coefficient s of the second halfband filter H2 ( z)

Fixed coefficient s CSD encoding
g(0) = g(6) - 0 . 0859375 - 2 - 3 + 2 - 5 + 2 - 7

g(2) = g(4) 0 . 578125 2 - 1 + 2 - 4 + 2 - 6

g(2 k + 1) 0 0
d(3) - 0 . 5 - 2 - 1

d(2) 0 0
d(1) 1 . 5 21 - 2 - 1

d(0) 1 20

　　As illust rated in Fig. 2 ,t he inp ut signal is up2
sampled by t he oversampling ratio 2 , and then a
cascaded half band filter is used to remove spect ral
images of t he baseband inp ut centered at multiples
of f s . In order to f urt her minimize t he number of
registers , t he t raditional topology is modified by
combing t he up sample with t he half band filter . By
p utting t he operation of filtering before up sam2
pling ,the basic delay element F1 ( z2 ) , z - 2 , can be
replaced by z - 1 . Therefore ,t he number of registers
is reduced by half . The st ruct ures resulting by
properly sharing t he delays between t he two bran2
ches are shown in Fig. 3. Figure 3 ( a ) gives t he
st ruct ure for H1 ( z) ,and Figure 3 ( b) for H2 ( z) .
One of t he branches is a p ure delay term. For
H1 ( z) ,t he ot her branch is a tapped cascaded inter2

connection of seven identical subfilters of order 15 ,
and for H2 ( z) ,t he other branch consist s of three i2
dentical subfilters of order 3. These subfilters can
be implemented effectively using a polyp hase st ruc2
t ure based on t he commutative model .

Fig. 3　Proposed st ructure of first2stage interpolator M1 = 2 (a) and second2stage interpolator M2 = 2 (b)

3. 2　CSD coding

The subfilter coefficient s and tapped coeffi2
cient s for H1 ( z) and H2 ( z) are given in the lef t
part of Tables 2 and 3 , respectively. Any f raction
can be expressed as[12 ]

x = ∑
L

k = 1
s k 2 - p k (9)

where sk ∈{ - 1 ,0 ,1} and pk ∈{ 0 , 1 , ⋯, M} . The
rep resentation given by Eq. ( 9) has M + 1 total
( ternary ) digit s and L nonzero digit s . The CSD

rep resentation is defined as t he minimal rep resen2
tation in which no two nonzero digit s sk are adja2
cent . Thus the number of adders required to realize
a CSD coefficient is one less than t he number of
nonzero digit s in t he f raction. For any coefficient in
FIR filters that can be t ranslated into a CSD coeffi2
cient ,we develop a MA TL AB program to generate
and optimize t he CSD coefficient s of general FIR
filters. The CSD coefficient s for half band filters H1

( z) and H2 ( z) are shown in the right part of Ta2
bles 2 and 3 ,respectively.
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3. 3　Proposed subf ilter algorithm

The key block in t he modified half band topol2
ogy is t he identical subfilter . Optimizing t his subfil2
ter st ruct ure is critical in decreasing t he area and
power consumption of t he entire half band filter . In
t his st udy , a novel subfilter topology is p roposed
for reducing t he number of adders and multipliers
without sacrificing performance.

As noted in Fig. 3 (b) ,t here are t hree identical
subfilters H12 ( z) in t he implementation of H2 ( z) .
The first two subfilters can be integrated into a no2
vel st ruct ure as shown in Fig. 4 ( b ) . Wit h this
st ruct ure , t he number of adders and multipliers is
reduced by 50 %.

The t raditional st ruct ure for two cascaded i2
dentical filters H12 ( z) is shown in Fig. 4 (a) ,and
t he equivalent st ruct ure is shown in Fig. 4 ( b) . In
Fig. 4 (a) ,t he intermediate signal Y1 ( n) can be ex2
pressed as

Y1 ( n) = ∑
3

j = 0
g (2 j) ×x1 ( n - j) (10)

and

Y2 ( n) = ∑
3

j = 0

g (2 j) ×Y1 ( n - j) (11)

Fig. 4 　Traditional and proposed st ructures for casca2
ded subfilters

　　The main part of the equivalent filter can be
seen as an FIR filter wit h a lengt h of 7. The inp ut
and outp ut of t his FIR filter are x2 ( n) and Y ( n) ,
respectively. It s coefficient is b ( n) , and it s clock

f requency is first assumed to be 2 f s ( t he sampling
f requency of t he stage two interpolator) . The rela2
tionship between b ( n) and g ( n) is given as fol2
lows.

b (2 m) = g (2 m)

b (2 m + 1) = 0
　m = 0 ,1 ,2 ,3 (12)

　　The inp ut signal x2 ( n) is t he outp ut of t he
switch. It f unctions as follows : When n = 2 k , t he
switch select s signal x1 ( n) as it s outp ut ,and when
n = 2 k + 1 ,the switch select s t he signal y ( n - 1) as
it s outp ut . Thus , x2 ( n) can be expressed as :

x2 (2 k) = x1 ( k)

x2 (2 k + 1) = y (2 k)
(13)

The outp ut signal of t his equivalent FIR filter can
be expressed as

Y( n) = ∑
7

j = 0
b ( j) ×x2 ( n - j) (14)

Substit uting Eqs. ( 12 ) and ( 13 ) into Eq. ( 14 )

gives

Y(2 k) = ∑
3

j = 0
g (2 j) ×x1 ( k - j)

Y(2 k + 1) = ∑
3

j = 0
g (2 j) ×Y1 ( k - j)

(15)

Comparing Eq. (15) wit h Eqs. (10) and (11) gives
Y(2 k) = Y1 ( k)

Y(2 k + 1) = Y2 ( k)
(16)

　　The outp ut signal Y ( n) is desired to be t he
same as the t raditional cascaded filter outp ut
Y2 ( n) . The above Equation (16) show t hat when n

= 2 k + 1 , t he signal Y ( n) has the same value as Y2

( k) . Thus Y ( n) can be viewed as simply inserting
one invalid value between each pair of adjacent val2
ues in Y2 ( n) . The clock f requency of t he registers
in t he equivalent filter is t hen increased to 4 f s ,and
t he signal Y ( n) is connected to an additional regis2
ter (reg1) t hat operates at t he f requency of 2 f s .
Thus t he outp ut of reg1 will yield t he desired sig2
nal ,which is t he same as Y2 ( n) .

In p ractice ,t he register t hat operates at a f re2
quency of 4 f s is replaced by a set of double2edged
registers p roposed in Ref s. [ 13 ,14 ] ,which can re2
duce t he clock f requency to 2 f s and lower t he pow2
er consumption of t he circuit s.

By using the type of st ruct ure illust rated in
Fig. 4 (b) , two subfilters are replaced by t he p ro2
posed st ruct ure with t he number of required adders
and multipliers reduced by half ,simply at a cost of
one selector and two registers. This greatly aids in
reducing t he area and power dissipation of t he dig2
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ital interpolator .
The first half band filter can also be implemen2

ted using a similar st ruct ure to Fig. 4 (b) ,alt hough
more coefficient s and delay terms are required. The
magnitude responses of each stage of t he interpola2
tion filter are shown in Fig. 5. It can be easily seen
t hat t he specifications stated in Section 2 are f ully
met wit h this reduced area consumption. In hard2
ware implementations of digital filters ,ripple2carry
adders were used , while the multiplexers and the
shif ters were implemented wit h simple pass t ran2
sistor logic.

Fig. 5　Magnitude responses of the three stages of the

interpolation filter

4　Experiment results

The digital interpolation filter depicted in Fig.
2 and t he singleloop five2order sigma2delta modula2
tor have been implemented and also targeted to an
FP GA device p rovided by XilinxTM wit h the
XC2V2000 device chosen. Together wit h t he 12bit
D/ A fabricated in SMIC 0. 18 μm mixed2signal
CMOS technology , t he three blocks are integrated
to implement a whole delta2sigma DAC. The delta2
sigma DAC has been tested and found to be f ully
f unctional. Compared to t he conventional half band
filter implemented wit h a general direct2form to2
pology , t he area of our p roposed interpolation fil2
ter is reduced by 40 % as the number of adders and
shif ters required to meet t he filter specifications is
decreased by half through adopting the proposed
half band filter topology , while t he number of reg2
isters remains nearly t he same. Figure 6 shows the
measured outp ut spect rum of t he interpolator ex2

cited by a 0. 9375k Hz sinusoidal inp ut . The inter2
polator was clocked by t he FP GA board it self . The
outp ut of t he interpolation filter was acquired wit h
Tekt ronix 715 logic analyzer to verify t he f unction2
ality. The spect rum was obtained by Hanning win2
dowed 2102point FF T. It can be observed f rom Fig.
6 t hat the noise floor maintained in t he filter is a2
bout 120dB. Bot h simulation and experiment re2
sult s confirm t he 120dB at tenuation of stop band.
The interpolation filter has already been applied in2
to a delta2sigma DAC , and found to be f ully f unc2
tional .

Fig. 6　Measured baseband output spect rum

5　Conclusion

A low area has been achieved in a digital inter2
polation filter by means of reducing comp utational
complexity. The use of multistage architect ure
comprising half band and sinc filters reduces t he
number of arit hmetic comp utations to t he extent
t hat t hey can be performed wit h simple logic ele2
ment s instead of a dedicated multiplier . A half band
filter topology is modified to reduce t he number of
adders and therefore t he area. Furt hermore , t he
p roposed subfilter st ructure greatly aids in reduc2
ing t he area and power dissipation of t he digital in2
terpolator . Simulations and measurement s confirm
t he suitability of the p roposed architect ure for t he
implementation of an area2efficient digital interpo2
lation filter .
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一种新型节省芯片面积的数字插值滤波器的设计与实现 3

彭云峰­　孔德睿　周　锋

(复旦大学专用集成电路与系统国家重点实验室 , 上海　201203)

摘要 : 提出了一种插值滤波器的设计与实现的新方法 ,并最终将其实现.该方法适合于过采样数模转换器.为减小
芯片面积及设计复杂度 ,采用一种等同子滤波器级联设计方法 ,并对其改进.同时 ,提出了一种新型的等同子滤波
器实现结构 ,进一步减少了芯片实现所需的硬件.测试结果表明 ,芯片达到了设计指标 ,节省了芯片面积 ,并显示出
良好的噪声抑制性能 .该数字插值滤波器已经被成功应用于一款过采样数模转换器.
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