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Abstract: This paper proposes a novel single electron random number generator (RNG) . The generator consists of multi-

ple tunneling junctions (MTJ) and a hybrid single electron transistor (SET)/MOS output circuit. It is an oscillator-based

RNG. MT]J is used to implement a high-frequency oscillator, which uses the inherent physical randomness in tunneling e-

vents of the MTJ to achieve large frequency drift. The hybrid SET and MOS output circuit is used to amplify and buffer

the output signal of the MTJ oscillator. The RNG circuit generates high-quality random digital sequences with a simple

structure. The operation speed of this circuit is as high as 1IGHz. The circuit also has good driven capability and low power

dissipation. This novel random number generator is a promising device for future cryptographic systems and communica-

tion applications.
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1 Introduction

Random number generators (RNGs) are a criti-
cal component in modern cryptographic systems, mod-
ern communication systems, and statistical simulation
systems. Some RNGs have already been proposed in
the literature. Traditional linear feedback shift regis-
ter circuits only generate pseudo random numbers,
which is unsafe in cryptographic applications. The e-
lectrical-noise-based RNG consists of a thermal noise
source and a noise amplifier, which are difficult to
implement in VLSI circuits because the device size
and power dissipation of the circuit are large. The os-
cillator-based RNG uses timing jitter in ring oscilla-
tors as a source of randomness'''. However, sufficient
randomness is hard to achieve by relying on the drift
of the CMOS ring oscillator alone. Moreover, the
power dissipation of the circuit is quite large. There-
fore,the development of the RNG with good random-
ness,compact structure, and low power dissipation is
an important issue.

A single electron (SE) shows stochastic tunneling
behaviors in SE tunneling devices. Two kinds of SE
RNGs have been proposed that rely on the physical
randomness of SE tunneling. One RNG employs elec-
tron potential pockets as electron traps to stochasti-
cally capture or emit an SE"*'. The circuit can work at
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room temperature (RT) and generates true random
bit sequences. The operation speed of the circuit is
relatively low,and high-speed random number gener-
ation requires additional shift-register-based cir-
cuits™' . Moreover.,since both the single-electron tran-
sistor (SET) and the electron trap are formed by un-
dulating ultrathin silicon-on-insulator (SOI) film,it is
not easy to control the potential barrier between the
trap and the channel. The second RNG consists of two
complementary SET inverters'*'. The operation speed
of the circuit is as high as 1IGHz. But, there are serious
problems in this RNG: low operation temperature,
small output voltage swing,and poor driving capabili-
ty.

In this paper,we propose a novel hybrid oscilla-
tor-based RNG circuit using SE tunneling junctions
and metal-oxide-semiconductor (MOS) transistors. A
multiple tunneling junction (MTJ) oscillator gener-
ates a high-frequency signal whose oscillation period
is highly random. A SET and MOS transistor hybrid
circuit is used to amplify and buffer the output signal
of the MTJ oscillator, and the output of the hybrid
circuit is sampled by a conventional D-flip-flop at a
lower frequency. The novel RNG has several advanta-
ges: (1) the randomness is sufficient to pass standard
statistical randomness tests and the score is compara-
ble to commercial RNGs; (2) the power dissipation of
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Fig.1 Schematic of the proposed RNG circuit
the circuit is low; (3) the structure of the circuit is
simple; (4) the operation speed of the circuit is high
and the randomness of the output sequence does not
depend on the sampling frequency; (5) the driving ca-
pability is large; (6) the circuit tolerates parameter
dispersions to some extent. We study the characteris-
tics of the circuit by computer simulation,and we dis-
cuss some practical considerations and the integration
issue.

2 Novel hybrid random number genera-
tor

Figure 1 shows the basic block of the novel hy-
brid RNG circuit. It consists of two main blocks: the
oscillation block and the signal sampling block. The
oscillation block generates a high frequency signal
with random oscillation periods and outputs it with
load capability. The signal sampling block samples the
high frequency output signal of the oscillation block
at a lower sampling frequency and generates a ran-
dom bit stream.

The oscillation block consists of an MTJ oscilla-
tor and a hybrid SET/MOS circuit. First, we present
the operating principle of the MTJ oscillator. There is
a nanodot,a main tunneling junction T;,and an MTJ
in the MTJ oscillator. The MTJ consists of N tunne-
ling junctions T7,;(i = 1,2,3,--, N) connected in se-
ries. Single electrons tunnel continuously from the
ground to V4 one by one through the nanodot and the
MTIJ. The capacitance of the main tunneling junction
C; is designed to be small enough to sustain a Cou-
lomb blockade at operating temperature,so C;<< e*/
2k T ,where e is the electron charge, k is the Boltz-
mann constant, and T is temperature. The tunneling

D Q ——o
Random
bit stream
—P clk

Sampling block

It consists of an oscillation block and a sampling block.

events through T; are governed by a Coulomb block-
ade. The voltage V; across T; oscillates periodically
with the SE tunneling if the main tunneling junction
T; is biased by a constant current source. On the other
hand.the capacitance C, of each tunneling junction in
the MTJ is designed to be much larger than C;. The
probability of each tunneling event in the MTJ oscil-
lator depends on the total free energy of the oscillator
circuit. Each tunneling event in the MTJ changes V.
The time for an SE to transfer from the nanodot to
V4 through the MTJ is the summation of the time of
many tunneling events, thus the oscillation period of
V; becomes highly random.

Because the MTJ oscillator only possesses a small
driving capability,a hybrid SET/MOS circuit is used
to buffer the oscillating voltage signal V; and to out-
put the signal into the signal sampling block. The
SET/MOS hybrid circuit possesses a large driving ca-
pability. The circuit consists of a pMOS transistor as a
constant current source,a dual gate SET.and a nMOS
transistor as a cascade device. This is the SET/MOS
hybrid circuit proposed and experimentally demon-
strated by Inokawa'®’ . The SET has two gates: the in-
put gate and the phase control gate. The input gate is
connected to the output of the MTJ oscillator. The in-
put signal at the input gate induces Coulomb oscilla-
tion of the drain-source current of SET. Combined
with the nMOS transistor, the current change of the
SET is converted and amplified. The phase control
gate is connected to a fixed voltage V, to adjust the
phase of the periodic oscillating output voltage. The
hybrid circuit serves as an inverter'® . When the input
voltage is low, the drain-source current of the SET is
very low and the output voltage of the inverter is
nearly V. because the SET nearly operates in a cut
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off region. When the input voltage gradually increa-
ses,the output voltage sharply switches to low value.
Thus,the operation of the hybrid circuit can be divid-
ed into three regions:the ON region of SET when the
output voltage is low, the OFF region of SET when
the output voltage is high,and the linear region when
the input voltage is linearly amplified. We can adjust
V, to an appropriate value so that when the input
voltage is OV, the output of the hybrid circuit is the
logic threshold of the inverter,which is Ve /2. In this
case,if the input signal oscillates from negative value
to positive value, the input signal will be nearly line-
arly amplified. Thus, we can regard the hybrid SET/
MOS circuit as a sensitive amplifier.

The sampling block consists of an edge-triggered
D-flip-flop and an external sampling clock signal. The
high frequency output signal from the SET/MOS cir-
cuit is inputted into the sampling block and is sampled
at a lower frequency. The output of the D-flip-flop is
a binary bit stream. Since the oscillation periods of
the oscillator are highly random, the output bit
streams are also random.

The characteristic of the oscillation block can be
theoretically estimated as follows. The output termi-
nal of the MTJ oscillator is connected to the input
gate of the SET,so the output swing of the MTJ oscil-
lator could be approximately given by

Viing & €/Cios Ciop = Cj + Co,(Cy + Cq + Cy)/

(C,+ C,+Cy+ Cy) +Cy/N @)
where C,, Cy, C,, C, is the SET source capacitance,
SET drain capacitance, SET gate capacitance, and
SET phase gate capacitance,respectively,and N is the
number of tunneling junctions in the MTJ. A large
Ving 18 preferable to drive the output buffer. To at-
tain a large voltage swing, C,, should be as low as pos-
sible. We use the orthodox theory to calculate the av-
erage oscillation frequency of the MTJ oscillator. We
assume all tunneling junctions in the MTJ have the
same resistance R,,and we assume the resistance R;
of T; is much smaller than R,.so that the average
tunneling time through T; is neglectable. When N is
large and temperature is low, the average oscillation

frequency f at T =0K is approximately given by
fa P+K+N+1 /
2(K + N)CyR,

(ST EEESINEE)

where K=C,/(C;+C),P=4V 4 Cy/e —2N and o=
3. The calculation procedure is shown in the appen-
dix. From Eq. (2), we see that f increases with V.
Figure 2 shows the typical relationship between [ and
Va4 at various operating temperatures, simulated by
the MONTE CARLO simulator SIMON'" . Calculated
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Fig.2 The average oscillation frequency of the MTJ oscillator
as a function of V4 at T=10,30,60,and 300K using SIMONZ. 0
Simulation parameters are: C; = 0.6aF, C, = 0. 2aF, C,, = 4aF,
R, =100MQ,R; =10MQ., N = 25. The solid line denotes the cal-
culated frequency using Eq. (2).

results using Eq. (2) are also shown. Simulation pa-
rameters are: C; = 0. 6aF, C, = 4aF,C, =0. 2aF, R, =
100MQ, R; =10MQ,and N =25. At T =0K,the calcu-
lated results fit well with simulation results. At T>>0K
f is larger.and when e*/2C, is comparable with ther-
mal energy, thermal-induced tunneling events domi-
nate and the dependence of f on V4 is weakened.
From Eq. (2),we see that both R, and N in the MTJ
should be large to ensure that the oscillation frequen-
cy of the MTIJ oscillator is low enough that an exter-
nal circuit can sense the single tunneling events
through T;.

3 Simulation method and results

The proposed RNG circuit is an SET/MOS hy-
brid circuit and is hard to simulate with only the MOS
circuit simulation method or the SET circuit simula-
tion method. The probability of each tunneling event
in the MTJ depends on the total free energy of the
MTJ oscillator and the SET. Therefore, we first simu-
lated the oscillation block including the MTJ and the
SET by the Monte-Carlo simulator SIMON'"'. The
nMOS transistor is treated as a load resistor. We could
then obtain the output waveform of the MTJ oscilla-
tor from SIMON. This output waveform is an oscilla-
ting voltage signal with a random period. The effect
of the coupling between the SET and the MTJ has
been considered by this Monte-Carlo simulation.
Next,we verify the amplifying operation of the SET/
MOS hybrid circuit by SPICE. The output waveforms
of the MTJ oscillator are transformed into input stim-
uli of SPICE. Several SPICE-compatible models have
been proposed to describe the behavior of SET™,
We choose the compact analytical SPICE model pro-
posed by Inokawa'® . The model is implemented in
SPICE as a subcircuit and its accuracy has been ve-
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Fig.3 (a) Typical output characteristic of the MTJ oscillator fsses
at T = 30K  Simulation parameters are: C; = 0.6aF, C, Un P
0.2aF.C, = 4aF, R,, = 100MQ, R, = 10MQ, N = 25 and V,, = 0 . 01250 200 250
0.5V. (b) Typical output characteristics of the MTJ oscillator at ()Ila)
T = 300K. Simulation parameters are: C; = 0. 1aF, C, = 0. 1aF,
C,=2aF.R, =30MQ.R; =10MQ.N =25 and V4 =0.5V. Fig.4 (a) Power spectral density of the output bit sequence

rified by both SIMON and experiments''*) . We use the
Predictive Technology SPICE models of MOS tran-
sistor''’’ for the MOS transistors.

We simulated the circuit with SIMON
HSPICE. First, we consider the case of low tempera-
ture operation. Fig. 3(a) represents a typical charac-
teristic of the output oscillating signal of the MTJ os-
cillator at T = 30K. Simulation results clearly demon-
strate that the oscillation periods are random. For the
MT]J oscillator,we choose C; = 0. 6aF,C,, =4aF,N =
25,R,, = 100MQ. These parameters are feasible using
state-of-the-art fabrication processes. With a 0.5V
supply voltage, the corresponding average oscillation
frequency is 380MHz. For the SET,we choose C, = C,
=0.8aF, R, = Ry = 90kQ, and C, = 0. 2aF. For the
MOS transistors, we used a commercially available
90nm technology node. The SET/MOS hybrid circuit
buffers and amplifies the input oscillating signals
well. Next,we consider the case of room temperature

and

operation. In this case,the tunneling junction capaci-
tances of T; and SET should be small enough to sus-
tain a Coulomb blockade. Thus,both C; and C, are set
to 0. 1aF to attain a large oscillation amplitude. We
set C, = 2aF so that e*/2C, is comparable to the
room-temperature thermal energy, and we set R,

30MQ., N = 25. Figure 3(b) represents a typical char-
acteristic of the output oscillating signal of the MTJ
oscillator at T = 300K. The magnitude of the oscilla-

(The result shows a good white noise spectral density) ; (b) Self-
correlation plots for sequential 8-bit random numbers(The dis-
tribution of the dots represents the randomness of the sequence)

tion periods ranges from 0. 2 to 0. 6ns, which is much
larger than the CMOS oscillator-based RNGs. The os-
cillating signal is more irregular due to thermal-in-
duced tunneling events. The average oscillation fre-
quency is 2. 3GHz,which indicates that the bandwidth
of the SET/MOS hybrid circuit should be much high-
= C4 = 0.1aF and we
used the 45nm technology node MOS transistors to re-
duce the inner capacitance of the hybrid SET/MOS
circuit.

er. To achieve this, we set C,

Simulation results show that the circuit could
generate highly random bit sequences with a sampling
frequency up to 1GHz. Figure 4(a) shows the spectral
density of the output bit sequence when T =300K and
the sampling frequency is 1GHz. Figure 4 (b) shows
the self-correlation plots for sequential 8-bit random
numbers. The randomness of the output bit stream is
clearly demonstrated. To examine whether the output
sequence is composed of truly random digital num-
bers, we use the statistical tests of random numbers
for cryptographic applications, given in Refs. [12,
13]. We test the randomness of the sequences genera-
ted by 100 various operating frequencies between 10
and 100MHz at T =30K and the randomness of the
sequences generated 45 various operating frequencies
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Table 1 Results of statistical tests of random numbers generated by the proposed RNG A comparison with previous work™! is also
listed.~/ indicates that the value passes the test.
Test Pass Condition Ref.[2] T =30K.100MHz T =300K,300MHz T =300K.1GHz
Monobit 9725~10275 10043 9840 </ 9991 / 9964 /
Poker test 2.16~46.17 15.88 37.24 10.13 </ 7.61 </
Longest Run 1~26 14 16 / 18 </ 13 </
Runs of length 1 2315~ 2685 [0] 2462 [0] 2526 / [0] 2485 / [0] 2493 «/
[1] 2409 (1] 2421 </ [1] 2432 </ [1] 2493 </
Runs of length 2 1114~1386 [0] 1243 [0] 1373 / [0] 1248 / [0] 1236 /
[17] 1296 [1] 1431 (171217 (171220 </
FIPS PUB 104-2
Runs of length 3 527793 [0] 647 [0] 582 / [0] 639 </ [0] 611
[1] 586 [1] 549 [1] 640 </ [1]610 </
Runs of length 4 240~384 [0] 290 [0] 297 [0] 314 [0] 300 </
[1] 329 [1] 254 / [1] 326 </ [1]316
Runs of length 5 103~209 [0] 147 [0]192 [0] 149 </ [0]178
[1]177 [1]161 [1]165 [1]138 </
Runs of length 6 + 103~209 [0] 166 [0] 165 </ [07 160 -/ [0J112 ./
[17] 158 (17118 -/ (17180 / (17179 /
Freq. >0.05 0.085 0.308 </ 0.898 / 0.611 /
Freq. within Block >0.05 0.508 0.295 </ 0.158 «/ 0.247 </
Runs >0.05 0.556 0.739 0.724 </ 0.240 </
Cumulative-sums >0.01 N/A [0]0.246 </ [0]0.730 </ [0]0.858 «/
NIST SP 800-22 [1]0.491 [1]0.612 </ [1]0.922 /
Spectral DFT =>0.01 N/A 0.896 </ 0.516 </ 0.06 </
Serial =0.01 N/A [0]0.143 [070.258 ./ [07]0.143 /
[1]0.305 </ [1]0.377 < [1]0.305 +/
Linear-complexity =>0.01 N/A 0.589 / 0.783 </ 0.858 /

between 100MHz and 1GHz at T = 300K. All se-
quences pass these standard tests. Table 1 shows the
typical results of the tests,with an operating frequen-
cy of 100MHz at T =30K and an operating frequency
of 300MHz and 1GHz at T = 300K, respectively. A
comparison with previous SE RNG™# is also listed.
The performance of the sequence is as good as or even
better than commercial ones.

What is striking here is that the frequency sepa-
ration between the high frequency of the MTJ oscilla-
tor and the sampling clock frequency is very small.
Unlike previous oscillator-based RNG designs ", suf-
ficient randomness is achieved by relying on oscillator
drift alone. The key point is that the frequency drift
of the MTJ oscillator is very large. Moreover, this fre-
quency separation between the high frequency and the
clock frequency is arbitrary, which means the clock
frequency does not affect the performance of the cir-
cuit. To illustrate this, we use a standard quantitative
check of the randomness of the bit sequence,which is
also referred as “the poker test”. The equation is giv-
en by Ref.[14]

15
® = [%Zﬁm}— N

m ;=0

3

where N, is the number of bits in the sequence and
fCi) is the number of non-overlapping 4-bit nibbles
with decimal equivalent i. This variable determines
how uniformly the bit stream is distributed when

grouped in nibbles. Figure 5 shows the effect of sam-
pling frequency on randomness. Unlike conventional
oscillator-based RNGs''*/, there is no clear relation-
ship between frequency and @, which indicates that
the sampling frequency has a wide range.

If we set the supply voltage of the hybrid SET/
MOS circuit to 1V and the constant current [, to less
than 400nA, the power dissipation of the oscillator
block is less than 500nW, which is much lower than
conventional RNGs. The structure of the circuit is also
simple. We believe the proposed circuit may serve as a
promising component in future on-chip VLSI appli-

50

40F Pass range

30F
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20 ‘ \

10

1 1 1 1 1 1 1 1 1
300 400 500 600 700 800 900 10001100 1200
Sampling frequency/MHz

Fig.5 The relationship between working frequency and @ at T
=300K Here @ is a good quantitative check of the randomness
of a 20000 bit sequence™® . No clear relationship could be ob-
tained.
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cations.

4 Discussion

In the previous sections, we showed the operation
principle of the novel RNG. For practical implemen-
tation of the circuit, the integration issue and the
effect of parameter dispersions must be taken into ac-
count. In this section, we will discuss these points in
detail.

4.1 Integration issue

Recent developments in semiconductor-based
MTIJ open up the possibility of practical high temper-
ature applications'® "', An 1l-island Si-based MTJ
with average tunneling capacitance of 3. 4aF was re-
ported in Ref.[15],and a reproducible Si-based MTJ
was reported in Ref. [16]. Two dimensional Si-based
MTJ with an average tunneling capacitance of 0. 56aF
was reported in Ref. [ 17 ]. Moreover, epitaxially
grown nanowire MTJ with small tunneling capaci-
tance was reported in Ref.[18],and tunneling of SEs
through the MTJ was detected"® . Moreover., the re-
cent development of self-assembled molecular devices
opens up the possibility of highly reproducible SE de-
vices with RT operation''*).

Fabricating an MTJ with N tunneling junctions
with large capacitances and one tunneling junction
with a much smaller capacitance is difficult with the
current fabrication process. However, since semicon-
ductor-based tunneling junctions can be fabricated by
thermal oxidizing the etched pattern, it is possible to
fabricate an MTJ with N-M tunneling junctions hav-
ing relatively large capacitance C, and M tunneling
junctions with decreasing capacitance (Cj; <<Cjy, i <<
k) .For instance, Cjy = Cy, Cjyy-1 =0.8Cy,...,Cy =
0.15C,. In this case, the operation principle of the
MTIJ oscillator remains the same. Actually, the key
points of the successful operation of the MTJ oscilla-
tor are the oscillation of the output signal and the
randomness of the oscillation period. We have veri-
fied that,whenever N> M, with various parasitic ca-
pacitances and tunneling capacitances Cy (i = 1,..,
M) ,the MTJ oscillator functions well and the circuit
generates random bits. Compared with the ideal case,
we only have to adjust the supply voltage and the op-

erating point of the SET/MOS hybrid circuit.
4.2 Effect of parameter dispersions

Fluctuations of device parameters in nanodevices
are unavoidable. When parameter dispersions in the
MTJ are small, the average oscillation frequency
drifts,but the operating principle of the MTJ oscilla-
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Percentage of parameter variation/%

Fig.6 Relationship between the pass rate of the statistical tests
of the output bit sequences and maximum percentage of parame-
ter dispersions

tor remains same. When the parameter dispersions in
the MTJ are too large, the tunneling events are not
dominated by T;,and the output signal may be irregu-
lar. We simulated various circuits in which the capaci-
tance and resistance of each tunneling junction are
randomized to be (1 £ p;a) Cy and (1 * p,a) Ry,
where p, and p, are uniform random numbers be-
tween 0 and 1,and « denotes the maximum percentage
of parameter dispersions, « < 1. For each «, we ran-
domize the parameters more than 150 times. We test-
ed whether the output sequences can pass all the FIPS
tests. Fig. 6 shows the relationship between the pass
rate and a,with a 100MHz operating frequency. When
< 0.5, the pass rate is higher than 98% . When o>
0. 5,the pass rate decreases rapidly as « increases. So
the MTJ oscillator tolerates a large extent of parame-
ter dispersion.

Background charge is an infamous problem in the
field of SE devices. Simulation results show that the
performance of the MTJ oscillator is nearly not af-
fected by background charge of nanodots. However,
the Coulomb oscillation characteristic of the SET is
strongly affected by background charge. This effect
can be compensated by adjusting the bias voltage V,
on the phase control gate of SET. We can also use an
automatically phase controlled circuit containing a
Memory-Node'®' to compensate the effect of the
background charge.

4.3 Appropriate number of junctions in the MTJ

As discussed above,a large N is essential for the
MTJ oscillator. An interesting question is what N is
appropriate. since the area of the circuit increases
with N. We simulated various circuits with different
N in the MTJ while keeping the equivalent overall re-
sistance and capacitance of the MTJ unchanged. For
each circuit, we generate more than 100 random bits
sequences to determine whether they pass all the FIPS
tests. Figure 7 shows the relationship between N and
the pass rate of bit sequences. The pass rate increases
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Fig.7 Relationship between the pass rate of the statistical tests
of the output bit sequences and number of junctions in the MTJ
(The equivalent total resistance and capacitance of the MTJ is
held constant) .

as N increases, and when N > 20, it is larger than
99% . Since the area of the circuit increases with N
and an MTJ with too many tunneling junctions is dif-
ficult to fabricate,20<CN<C40 seems appropriate.

5 Conclusion

A single electron RNG using MTJ and MOS tran-
sistors has been proposed. The circuit uses an MTJ os-
cillator to generate high-frequency oscillation signals.
Due to its inherently stochastic characteristic, the
MT]J oscillator outputs oscillating voltage with a ran-
dom cycle. A hybrid SET/MOS circuit was used to
amplify and buffer the oscillation signal. A D-flip-
flop with a low-frequency sampling signal samples the
high-frequency signal to generate random bit signals.
Compared to conventional CMOS RNG circuits, the
structure of the circuit is simple.,while the power dis-
sipation is much lower. Moreover. the randomness of
the circuit does not depend on the operating frequen-
cy. The output bit streams of the circuit are sufficient
to pass all standard statistical tests. If the RNG pro-
posed in Ref.[4] is regarded as an SE counterpart of
the conventional electrical-noise-based RNGs, the cir-
cuit proposed in this paper could be viewed as an SE
oscillator-based

counterpart of the conventional

RNGs.
Appendix

We consider the case when T =0 and N>1. To
transfer an SE through the MTJ, at least N tunneling
events occurs, so the average oscillation period is the
summation of the averaging tunneling time through
the N tunneling junctions in the MTJ,and the average

N

oscillation frequency is 1/f = Et, ,where t; is the
i=1

average tunneling time of the ith tunneling event.

Since tunneling is a stochastic process, using the
MONTE CARLO approach, the probability that a
tunnel event happens at ¢ and not earlier is P, (¢t) =
e . 1In the tunnel junctions of the MTJ, the event
with the smallest tunneling time will happen first,so
that ¢, is given by
t; = mint ()Lt (D = In(/Ty (D)
where ¥ is a uniform random number between 0 and
1,and I'; is the tunneling rate of the ith tunneling e-
vent. When i< N,t,~1/(N+1-i)I;.I; is given by
AW 1
SR, T exp- AW/ ke D
Here AW (i) is the change of electrostatic energy
of the system after the ith tunneling event, which is

I

given by

(i+ P+ Ke?
2(K + N C,
where K= C,/(C;+ Cy),P=4V 44 Cy/e —2N. When
N>1,we can replace summation with integration. So

AW = 3

that the average oscillation frequency is approximate-
ly
fa~ N+ K+ P+ 1/
2(K + N)CyR,

pqﬁ%éﬁg%iwquglﬂ 1)
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