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Effect of a magnetic field on the energy levels of donor impurities in the ZnO
parabolic quantum well�
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Abstract: Energy levels of a donor impurity in the ZnO parabolic quantum well under the magnetic field are
investigated using the variational method. The binding energy of the ground state, the energies of 2p± state and
1s ! 2p˙ transition energies of a hydrogenic donor in the ZnO parabolic quantum well are numerically calculated
as a function of the strength of magnetic field for different parabolic potential fields. The results show that the
external magnetic field has an obvious influence on the binding energies and the 1s ! 2p˙ transition energies
of a hydrogenic donor. The 1s to 2p˙ transition energy increases linearly with the strength of magnetic field, but
the 1s to 2p� transition energy decreases when the strength of magnetic field increases for the small field strength.
Compared to the GaAs parabolic well, the donors are more tightly bound to the ZnO parabolic well and the influence
of external magnetic field on the binding energy of a donor is much stronger in the ZnO parabolic well.
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1. Introduction

ZnO is an important II–VI semiconductor material with a
wide direct band gap, which has a large exciton binding en-
ergy at room temperature, even larger than the ionization en-
ergy at the same temperature. Nowadays ZnO is widely used
for production of blue-ultraviolet light-emitting devices and
detectorsŒ1; 2�. In Refs. [3, 4], ZnO quantum well structures
have been fabricated to realize high efficiency luminescence
in light-emitting devices. Compared to square quantum wells,
the optical transition between the size-quantized electron sub-
bands are easier to implement and the optical nonlinearities are
stronger in the parabolic quantumwells (PQWs). Therefore the
parabolic quantum wells have attracted substantial interest in
the research communityŒ5�7�.

LeavittŒ8� has calculated the binding energy of a hydro-
genic impurity in GaAs/AlxGa1�xAs PQWs using variational
methods. NiculescuŒ9� has calculated the energies of ground
and first excited states of a donor in a finite-PQW without a
magnetic field. The results show that the effect of the finite
well is to lower the binding energies and the infinite-PQW ap-
proximation is valid for the excited states. The effect of a mag-
netic field on the donor states in a PQW has been examined by
Zhang and RustigiŒ10�, and this is the first calculation on the
hydrogenic impurity in a parabolic well with a magnetic field.
However, they only calculate the energy levels of a hygrogenic
impurity in a PQW. Blinowski and SzwackaŒ11� have studied
D0 and D� centers in bulk crystals and in parabolic quantum
wells with magnetic fields; LiŒ12� has investigated the effect of
a spatially dependent effective mass (SDEM) on the binding
energies of 1s- and 2p-like state for the hydrogenic impurity
in a finite PQW with a magnetic field. They have obtained the

binding energy as a function of the well width and a magnetic
field. Their results indicated that the binding energy is greater
than that without the effect of a SDEM. Sa and GuanŒ13� in-
vestigated the energy levels of a hydrogenic impurity in the
GaN/AlxGa1�xN PQW with the magnetic field, but they only
calculate the energy and binding energy of the ground state.
So far little research has been conducted to investigate the 1s
to 2pC transition energies for the donor impurity in the PQW
with a magnetic field.

The purpose of this paper is to apply the variational method
to investigate the energy levels and optical transition of the
donor impurity in a ZnO PQWwith a magnetic field. The bind-
ing energy of the ground state, 2p˙ state energy and the 1s !

2p˙ transition energy of a donor as a function of the magnetic
field have been obtained by numeric calculation. The results
show that an external magnetic field has a great effect on the
binding energies and 1s ! 2p˙ transition energies of a hydro-
genic donor.

2. Theory and calculation

We consider a parabolic quantum well with a hydrogenic
impurity located at the bottom of it. A uniform magnetic field
B is considered perpendicular to the quantum well layer. In the
effective mass approximation, the Hamiltonian of this system
can be written as
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where "0 is the static dielectric constant to the medium, m� is
the effective mass of the electron, ! is the harmonic oscillator
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Table 1. Ground state energy in an effective Rydberg constant of hydrogenic impurity in the GaAs/AlxGa1–xAs PQW with a magnetic field.
The values without parentheses are the results of the present work and the values in parentheses represent the results of Zhang and RustgiŒ10�.
˛ is the parabolic parameter.
˛ 0.2 0.2 0.2 1 1 1 2 2 2

 0 1 10 0 1 10 0 1 10
1s0 (�0:8759) (�0:5614) (6.5521) (0.3058) (0.5565) (7.3286) (2.0763) (2.2955) (8.7963)
1s0 �0:8781 �0:5614 6.5867 0.3094 0.5588 7.3414 2.0797 2.2977 8.8116

frequency, c is velocity of light, and r D
p
�2 C z2 gives the

distance of the electron from the donor.A is the potential vector
of the magnetic field, which can be written as A D

1
2
B � r .

If the effective Rydberg constantRy D m�e4=2"2
0„2 is the

energy unit and the effective Bohr radius aB D "0„2=m�e2 is
the length unit, the Hamiltonian can be expressed as
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where Lz is the z component of the angular momentum oper-
ator of an electron (in unit of „/. The 
 and ˛ are dimension-
less measures of the magnetic field and the parabolic potential,
which are defined as 
 D
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.

We apply the variational approach to solve the nonlin-
ear Schrödinger equation (2). The trial wavefunction for the
ground state is given by

 D exp
�
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p
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and the trial wavefunction for the first excited state is given by

 D � exp.im�/ exp.��
p
�2 C z2 � ��2

� �z2/; (4)

where �, � and � are the variational parameters and m is mag-
netic quantum number.

The energies of the ground state and the first excited state
are determined by minimizing the expectation value of the
Hamiltonian:

E D
h jH� j i

h j  i
: (5)

The binding energy of the ground state is defined as

Eb D E0 C 
 �E1; (6)

where E0 is the energy of a free electron in a PQW without
a magnetic field and 
 is the energy of the first Landau level.
Greene and BajajŒ14� have used this method to calculate the
ground state binding energy of a donor in a square quantum
well. The ground state energy E1 can be expressed as

E1 D I=I0; (7)

where

I0 D

2�Z
0

d�
1Z

0

�d�

�

1Z
�1

dz exp
�
�2�

p
�2 C z2 � 2��2

� 2�z2
�
; (8)

and

I D

2�Z
0

d�
1Z

0

�d�

�

1Z
�1

dzF1 exp
�
�2�

p
�2 C z2 � 2��2

� 2�z2
�
; (9)

with

F1 D
2� � 2p
�2 C z2

� �2
C

�
0:25
2

� 4�2
�
�2

C 4�

C .4˛2
� 4�2/z2

C 2� �
4���2p
�2 C z2

�
4��z2p
�2 C z2

:

(10)

The transition energy from the 1s state to 2p˙ state is de-
fined as

�E D E2 �E1; (11)

where E2 is the first excited energy.

3. Numerical results and discussion

We first calculated the ground state energy of a hydro-
genic impurity in the GaAs/AlxGa1�xAs PQW with a mag-
netic field using our method and compare our results to those
from Ref. [10]. The results are shown in Table 1. The compari-
son shows that our results are consistent with those in Ref. [10]
and the present calculation is quite accurate.

Then we have calculated the binding energies of the
ground state, the first excited state energies and the 1s !

2p˙ transition energies of a hydrogenic impurity in the ZnO
PQW with a magnetic field and the results have been shown
in Figs. 1–3. The effective mass of 0.24 and the dielectric con-
stant of 8.656 have been used for the ZnO PQW in our calcu-
lations and we assume they are the same throughout the whole
quantum well. For the parameter of ZnO PQW, the length and
energy units become aB D 19.08 Å and Ry D 43.7 meV.

In Fig. 1 we have showed the ground-state binding ener-
gies of the hydrogenic impurity in the ZnO PQW as a function
ofmagnetic field for different ˛. For a given parabolic potential
˛, the binding energies are found to increase with an increase of
magnetic field 
 . This result indicates that the magnetic field
applied along the growth axis of the quantum well structure
leads to the additional quantum confinement and effectively
increases the donor binding energies. For given values of B ,
the binding energy for ˛ D 2 is larger than those for ˛ D 1.
This is due to the fact that the increase in the value of ˛ results
in the reduction in the size of quantumwell, which causes wave
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Fig. 1. Binding energy of the ground state of the hydrogenic impurity
in the PQW as a function of 
 . The solid curves correspond to ˛ D 2,
and the dashed curves correspond to ˛ D 1.

Fig. 2. The 2p˙ state energy of a hydrogenic impurity in the ZnO
PQW as a function of 
 . The dashed curves: ˛ D 1, and the solid
curves: ˛ D 2.

functions to become more compressed and leads to more bind-
ing. We also plotted the binding energy of the hydrogenic im-
purity in the ZnSe PQW and the GaAs PQW in Fig. 1. ZnSe is
another II–VI semiconductor material with a wide direct band
gapŒ15; 16�, but the binding energy of a donor in the ZnSe PQW
is lower than that in the ZnO PQW, which indicates that the
hydrogenic impurities are more tightly bound to the ZnO PQW
compared with the ZnSe PQW. From Fig. 1, it can be seen that
the binding energies of the hydrogenic impurity in the GaAs
PQW are totally insensitive to the magnetic field comparison
with the ZnO PQW and ZnSe PQW. The binding energy of
hydrogenic impurity in GaAs PQW is far less than those in the
ZnO PQW and ZnSe PQW, due to the small effective mass and
the large static dielectric constant of GaAs.

Figure 2 shows the energy levels of the first excited state
of a hydrogenic impurity in the ZnO PQW as functions of the
magnetic field strength 
 for different ˛. It can be seen that the

Fig. 3. The 1s ! 2p˙ transition energies of a hydrogenic impurity in
the ZnO PQW as a function of 
 . The dashed curves: ˛ D 1, and the
solid curves: ˛ D 2.

energies of the 2pC state increase nearly linearly with increas-
ing 
 . However, the energies of the 2p� state first decrease and
achieve their minima around 
 D 0.5, then increase linearly
with increasing 
 . The result is consistent with those obtained
by ZhangŒ10� and indicates that the 2p� state is an unbound
state when 
 < 0.5. The complex interaction of the magnetic
confinement and the spatial confinement of electrons in ZnO
PQWs leads to a rich structure in energy spectrum of the hy-
drogenic impurity and make the behavior of the 2p� state at
small 
 values quite complicated.

In Fig. 3 we show the influence of the magnetic field
on the 1s ! 2p˙ transition energies of the hydrogenic im-
purity in the ZnO PQW for different parabolic parameters
˛. The 1s ! 2p� transition energies have their minima
around 
 D 0.5, which are consistent with the previous
work obtained by qualitative analysisŒ11�. We also found that
1s ! 2p� transition energies are insensitive to the magnetic
field when the 
 > 0.5 but the 1s ! 2pC transition energies
are very sensitive to the magnetic field. What is more inter-
esting is that the 2pC state energy level can be obtained from
the 2p� state energy level by adding 2
 for a given value of
˛ and 
 . The obvious influence of the parabolic parameter ˛
on the transition energy cannot be found in Fig. 3 because the
main contribution to the transition energies of the hydrogenic
impurity comes from the magnetic confinement of electrons.

4. Conclusions

In the presence of the magnetic field, the binding energies
of the ground state and 1s ! 2p˙ transition energies of a hy-
drogenic impurity in the ZnO PQW have been calculated us-
ing the variational approach. We have investigated the spatial
confinement, the magnetic confinement of the electron and the
coulomb interaction between electron and donor. Themagnetic
field applied along the growth axis of the quantum well struc-
ture leads to additional quantum confinement, which increases
both the donor binding energy and the transition energy be-
tween the 1s and 2pC donor states. The 1s ! 2p� transition
energies show extraordinary behavior at small 
 values, which
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decreases with increasing 
 when 
 < 0.5. We also found that
the binding energy of the hydrogenic impurity in the ZnO PQW
is larger than those in the ZnSe and the GaAs PQW. The cal-
culation method of this work provides a numerical solution for
the ZnO parabolic quantum well system in the presence of a
magnetic field.
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