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Direct extraction of equivalent circuit parameters for on-chip spiral transformers�
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Abstract: This paper compares model differences of transformers measured in 4-port and 2-port configurations.
Although 2-port configuration is more appropriate for measurement and application, it brings tremendous difficul-
ties to the model’s parameter extraction. In this paper, a physics-based equivalent circuit model and its correspond-
ing direct extraction procedure are proposed for on-chip transformers. The extraction is based on the measurement
of 2-port configuration instead of the 4-port type, and it can capture the model parameters without any optimiza-
tion. In this procedure, a new method has been developed for the parameter extraction of the ladder circuit, which
is commonly used to represent the skin effect. Thus, this method can be transferred to the modeling of other passive
devices, such as on-chip transmission lines, inductors, baluns, etc. In order to verify the procedure’s efficiency and
accuracy, an on-chip interleaved transformer in a 90 nm 1P9M CMOS process has been fabricated. We compare
the modeled and measured self-inductance, the quality factor, mutual reactive and resistive coupling coefficients.
Excellent agreement has been found over a broad frequency range.
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1. Introduction

On-chip spiral transformers are valuable passive compo-
nents in radio-frequency integrated circuits (RFICs), such as
voltage-controlled oscillators, power amplifiers, and low-noise
amplifiers. To represent the electrical performance of on-chip
transformers for circuit simulations and optimizations, a com-
pact equivalent circuit model is much more convenient than an
electromagnetic field solver (e.g., HFSS or momentum). How
to obtain the model parameters is always a concern for model-
ing engineers and circuit designers.

In recent years, some physics-based modeling methods to
calculate the model parameters from the transformer geome-
try and process parameters have been developedŒ1�8�. How-
ever, the process parameters are not always well defined for
modeling purposes. In addition, some expressions are merely
empirical formulas which depend on a specific fabrication pro-
cess. Since most of the physics-based modeling may only pro-
vide certain estimates, numerical optimization is often used to
achieve a high accuracy. Unfortunately, numerical optimiza-
tion takes a long time and yields multiple solutions. Also, the
non-optimal solution may not comply with scaling rules be-
cause of its non-physical meaning.

Compared with the modeling methods discussed above,
direct extraction is more suitable for modeling because it can
achieve a high accuracy and have a reasonable physical mean-
ing. Tomodel on-chip transformers, the extractionmethods dif-
fered enormously depending on the configuration types in the
measurement. Actually, the transformer can be measured in the
4-port (Fig. 1(a) in Ref. [9]) and 2-port (Fig. 1 in Ref. [2]) con-
figurations, and their equivalent circuit models are simply il-
lustrated in Fig. 1. In the 4-port configuration, we can easily
extract the series and shunt branches of one coil by setting the

other coil openŒ9�. However, it is not convenient to measure a 4-
port device by using a 2-port vector network analyzer (VNA),
and applications of the transformer often adopt the 2-port con-
figuration (two terminals are connected to ground or virtual
ground). In the 2-port configuration, we can find that the in-
ductive series branch and conductive shunt branch have mixed
together to make the extraction very difficult. To the best of
the author’s knowledge, the investigations into the extraction
of the model parameters for the transformer in 2-port configu-
ration are really scarce.

This paper proposes a direct extraction procedure to cap-
ture the parameters of the 2-port transformer model, and it can
achieve a high accuracy over a broad frequency range without
any optimization.

2. Equivalent circuit model

As shown in Fig. 2(b), a physics-based equivalent circuit
model is proposed to model on-chip spiral transformers. In this
model, the sub-network consisting of Rsi , Lsi , Rpi and Lpi (i
D 1, 2) is used to account for the skin effect of each coil. Csubi

andRsubi represent the characteristics of the conductive silicon
substrate.Coxi models the oxide-layer capacitance between the
metal and the substrate.Roi is introduced to account for the spi-
ral coil’s conductor loss originated from a lossy substrate return
pathŒ10�. Coi denotes the underpass capacitance. The magnetic
and electric couplings between two coils are represented by M

and Cp, respectively.

3. Direct parameter extraction procedure

3.1. Model transformation

Since the fabricated transformer layout (Fig. 2(a)) is de-
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Fig. 1. Half of transformer model in (a) 4-port and (b) 2-port configurations.

Fig. 2. (a) Top view of a fabricated on-chip transformer and (b) its equivalent circuit model.

Fig. 3. Simplified model.

signed symmetrically, the model can be simplified to a sym-
metrical network and the index “i” is omitted from the element
denotation for simplicity. According to the data in Ref. [9],
Cp and Co in Fig. 2(b) are relatively small. And Ro generally
shows a very large value with the substrate resistivity of about
10��cm fromour experience. Thus, these elements can be tem-
porarily neglected when the frequency is not very high. Then,
we can get the simplified model, as shown in Fig. 3.

After decoupling and some other simple transformation
steps, we can get the 2-port topology with two back-to-back
cascading … cells in Fig. 4.

3.2. Separation of the shunt and series branches

In Fig. 4, the S-matrix of the entire device is designated as
ŒSm� D

�
S11 S12

S21 S22

�
and the values of the matrix can be obtained

Fig. 4. Model with two back-to-back cascading … cells.

from the 2-port measurement. Meanwhile, ŒT m� D
�

A B
C D

�
rep-

resents the ABCD-matrix of the entire device. ŒT1� D
�

a b
c d

�
and ŒT2� D

�
d b
c a

�
denote the ABCD-matrices of the two back-

to-back cascading … cells, respectively. According to the con-
versions between 2-port network parameters, we can get

A D
.1 C S11/.1 � S22/ C S12S21

2S21

; (1)

B D Z0

.1 C S11/.1 C S22/ � S12S21

2S21

; (2)

C D
.1 � S11/.1 � S22/ � S12S21

2Z0S21

; (3)

D D
.1 � S11/.1 C S22/ C S12S21

2S21

; (4)
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Fig. 5. Simplified T-topology at the low frequencies.

where Z0 denotes the characteristic impedance of the testing
ports.

As shown in Fig. 4, the admittances of the dashed boxes
are denoted by Y1, Y2 and Y3. It can be seen that Y1 is the
admittance of the shunt branch, while the combination of Y2

and Y3 includes the information of the series branch. Thus, in
order to separate the shunt and series branches in the model, we
should get the values of Y1, Y2 and Y3 with the aid of known
parameters (e.g. [Sm] and [T m]). According to the definition
of the ABCD-matrix, we can get

a D 1 C Y2=Y3; (5)

b D 1=Y3; (6)

c D Y1 C Y2 C Y1 Y2=Y3; (7)

d D 1 C Y1=Y3: (8)

TheABCD-matrix of the 2-port network equals the product
of two cascading cell’s ABCD-matrices, we get�

A B

C D

�
D

�
a b

c d

�
�

�
d b

c a

�
: (9)

Substituting Eqs. (5)–(8) into Eq. (9), we have

A D
2Y1.Y2 C Y3/ C Y3.2Y2 C Y3/

Y 2
3

; (10)

B D
2.Y2 C Y3/

Y 2
3

; (11)

C D
2.Y1 C Y3/.Y1Y2 C Y2Y3 C Y3Y1/

Y 2
3

; (12)

D D
2Y1.Y2 C Y3/ C Y3.2Y2 C Y3/

Y 2
3

: (13)

From Eqs. (10)–(13), we get

Y1 D .A �
p

1 C 2BY2/=B; (14)

Y3 D .1 C
p

1 C 2BY2/=B: (15)

At low frequencies, the model in Fig. 3 can be further sim-
plified. As shown in Fig. 5, the simplified model demonstrates
itself as a standard T-topology when the frequency is approach-
ing DC, and the impedances of the dashed boxes are also pro-
vided using the Z-parameters of the 2-port network.

Thus, M can be determined as

M D imag.Z12/=! j!!0: (16)

Then, the admittance Y2 in Fig. 4 can be determined as

Y2 D 0:5=j!M: (17)

3.3. Extraction for the shunt branch

The shunt branch is composed of three elements, i.e., Cox,
Csub and Rsub. Using the real part and imaginary part of the ad-
mittance (i.e., Y1/, Reference [11] introduced two useful char-
acteristic functions as

f1.!/ D
!2

real.Y1/
; (18)

f2.!/ D
imag.Y1/

real.Y1/
!: (19)

In this paper, we directly use the method developed in
Ref. [11] to extract the values of Cox, Csub and Rsub, and the
detailed process is omitted.

3.4. Extraction for the series branch

The series branch consisting of Rs, Ls – M , Rp and Lp
forms a ladder circuit. The real part and imaginary part of the
ladder’s impedance (i.e., Zs D 1/Y3/ can be written as

rz D real.Zs/ D
Rs.RsRp C R2

p C L2
p!2/

.Rs C Rp/2 C L2
p!2

; (20)

lz D
imag.Zs/

!
D .Ls � M/ C

LpR
2
s

.Rs C Rp/2 C L2
p!2

: (21)

Combining Eq. (20) and Eq. (21) properly, we developed
two new characteristic functions as

f3 D
!2 � !2

0

.lz=rz/ � .lz=rz/!!!0

D �
.RsRp C R2

p C L2
p!2/.RsRp C R2

p C L2
p!2

0/

L2
p ŒLpRs C .Ls � M/.Rs C Rp/�

D p1 C p2!2; (22)

f4 D
.!2 � !2

0/.lz � lz!!!0
/

rz � rz!!!0

D �
Lp.!

2 � !2
0/

Rs C Rp
D q1 C q2!2;

(23)

where !0 is the reference frequency for the characteristic func-
tions. It can be chosen arbitrarily in the development of f3

and f4, but from our experience, these characteristic functions
show a better linearity when !0 is relatively low. Thus, !0 has
been set as the minimum frequency of the measurement in our
extraction process.
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Fig. 6. f3 and f4 as a function of !2 based on measurement.

Fig. 7. Simple illustration of asymmetrical transformers.

Demonstrated in Fig. 6, f3 and f4 exhibit a good linear
dependence on !2. Thus, p1, p2, q1 and q2 can be extracted
by linear regression easily. Then, we can get

k D p2=.p1q2
2/ � 1; (24)

Rp D rz!!0.1 C 1=k/; (25)

Rs D Rpk; (26)

Lp D .Rs C Rp/.�q2/; (27)

Ls D lz!!!0
� LpR

2
s =

h
.Rs C Rp/

2
C L2

p!2
0

i
C M: (28)

It should be emphasized here that the ladder circuit is com-
monly used to represent the skin effect in the modeling of many
passive components, such as on-chip transmission lines, induc-
tors, baluns, etc. In the literature much effort has been made to
extract the ladder’s parameters. In Ref. [12], the constant resis-
tance ratio and inductance ratio are estimated for round wires
by empirical formulas, and Reference [11] obtains the ladder’s
parameters based on iterations. By contrast, the method pro-
posed in this paper (i.e., Eqs. (20)–(28)) can extract the para-
meters of the ladder circuit without any optimization and it will
also not be confined to specific structures.

3.5. Extraction for Ro, Co and Cp

In Fig. 2(b), we can get the 2-port Y -parameters [Y s] by
simulation with Ro, Co and Cp neglected and other elements
set with values extracted from above steps. [Y m] denotes the 2-
port Y -parameters converted from the measured S -parameters.

Then,Ro,Co andCp can be extracted at the resonant frequency
as

Co D imag.Y m
11 C Y m

12 � Y s
11 � Y s

12/=!; (29)

Ro D 1=real.Y m
11 C Y m

12 � Y s
11 � Y s

12/; (30)

Cp D imag.Y s
12 � Y m

12/=!: (31)

3.6. Extraction procedure for asymmetrical transformers

We can extend the application of our extraction procedure
to asymmetrical transformers. In view of the device’s asymme-
try, the symmetrical topology of Fig. 4 has been modified to
form an asymmetrical network. Illustrated in Fig. 7, Y1 and Y3

are the admittances of the two coils’ shunt branches, while the
combination of Y2 and Y4 (or Y2 and Y5/ includes the informa-
tion of the coil’s series branch. Following the similar extraction
step in Section 3.2, we can get

Y1 D
A C Dk �

p
A2 � 2ADk C k.4 C D2k C 8BY2/

2Bk
;

(32)

Y3 D kY1; (33)

Y4 D

�
.2 � A C Dk/Y2

C

q
Y 2

2 ŒA2 � 2ADk C k.4 C D2k C 8BY2/�

�
� Œ�1 C A C k � Dk C 2BkY2��1;

(34)

Y5 D

�
ŒA � .�2 C D/k�Y2

C

q
Y 2

2 ŒA2 � 2ADk C k.4 C D2k/ C 8BkY2�

�
� .1 � A � k C Dk C 2BY2/�1;

(35)

where Y2 can be determined by Eqs. (16) and (17). The in-
troduced factor k represents the ratio of two shunt branches’
admittances, and it can be set as the length ratio of two coils by
neglecting the fringing effect. By setting k D 1 andD D A, we
can get the results for symmetrical transformers, i.e. Eqs. (14)
and (15). Following the same steps in Sections 3.3–3.5, all the
parameters of the asymmetrical transformers can be extracted
with ease.

4. Experimental verification and discussion

As shown in Fig. 2(a), an on-chip interleaved transformer
has been fabricated in a 90 nm 1P9M CMOS process with sub-
strate resistivity of about 10 ��cm and top metal thickness of
3 �m. The line width and line spacing are 8 and 1.5 �m, re-
spectively, and the outer diameter of the transformer is 291�m.
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Table 1. Extracted model parameters for the transformer.
Rs1.Rs2/
Rp1.Rp2/
(�/

Ls1.Ls2/
Lp1.Lp2/
(nH)

Rsub1
.Rsub2/
Ro1.Ro2/
(�/

M (nH) Cox1
.Cox2/
Csub1
.Csub2/
(fF)

Co1.Co2/
Cp
(fF)

20.93
2.59

3.69
0.47

186.6
7400

3.214 49.17
33.12

6
5

Fig. 8. Self-inductance (Lp and Ls/ comparison.

2-portS -parameters weremeasured and the pad parasitics were
de-embedded from the measurement using the open pad struc-
ture. Then, after the direct extraction procedure, the model
parameters are extracted and listed in Table 1.

We use Z-parameters converted from the measured S-
parameters to extract the self-inductance (Lp and Ls/, quality
factors (Qp andQs/, andmutual reactive and resistive coupling
coefficients (kim and kre/ as functions of frequency. These
parameters are calculated using the following expressions:

Lp D
Im.Z11/

2�f
; (36)

Ls D
Im.Z22/

2�f
; (37)

Qp D
Im.Z11/

Re.Z11/
; (38)

Qs D
Im.Z22/

Re.Z22/
; (39)

kim D

s
Im.Z12/Im.Z21/

Im.Z11/Im.Z22/
; (40)

kre D

s
Re.Z12/Re.Z21/

Re.Z11/Re.Z22/
: (41)

In order to verify the procedure’s efficiency and accuracy,
we have compared the modeled and measured Ls, Lp, Qp, Qs,
kim and kre. In Figs. 8 and 9, we compared the curves of �Ls
and �Qs instead of Ls and Qs for the figures’ clearness, re-
spectively. As demonstrated in these two figures, an excellent
agreement has been found over a broad frequency band. In

Fig. 9. Quality factor (Qp and Qs/ comparison.

Fig. 10. Reactive coupling coefficient (kim/ comparison.

Fig. 11. Resistive coupling coefficient (kre/ comparison.

Figs. 10 and 11 we note that the curves of kim and kre agree well
below 10GHzwhile they exhibit some deviations at higher fre-
quencies. It may be due to the fact that the transformer model
in Fig. 2(b) cannot include all effects of the device especially
at the high frequencies. Some effects, e.g. the eddy current loss
in silicon, have a small influence on the device performance at
low frequencies. But these effects will be more apparent when
the frequency is high. Taking all effects into account will make
the transformer model more complex and bring tremendous
difficulties to the parameter extraction procedure. Fortunately,
the deviations appear at the frequencies much higher than the
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transformer’s resonant frequency. In addition, themagnitude of
the deviations is very small. Hence, the model in Fig. 2(b) is ac-
curate enough to model the transformer over a broad frequency
range and the proposed direct extraction procedure shows its
high efficiency and accuracy without any optimization.

5. Conclusion

Adirect extraction procedure for on-chip interleaved trans-
formers has been proposed. The extraction is based on the mea-
surement of 2-port configuration, and it can capture the model
parameters without any optimization. An excellent agreement
between the simulation and measurement over a broad fre-
quency range has demonstrated the procedure’s efficiency and
accuracy.
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