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Correlated electron–hole transitions in wurtzite GaN quantum dots: the effects of
strain and hydrostatic pressure�
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Abstract: Within the effective-mass and finite-height potential barrier approximation, a theoretical study of the
effects of strain and hydrostatic pressure on the exciton emission wavelength and electron–hole recombination rate
in wurtzite cylindrical GaN/AlxGa1�xN quantum dots (QDs) is performed using a variational approach. Numerical
results show that the emission wavelength with strain effect is higher than that without strain effect when the QD
height is large (> 3.8 nm), but the status is opposite when the QD height is small (< 3.8 nm). The height of GaN
QDs must be less than 5.5 nm for an efficient electron–hole recombination process due to the strain effect. The
emission wavelength decreases linearly and the electron–hole recombination rate increases almost linearly with
applied hydrostatic pressure. The hydrostatic pressure has a remarkable influence on the emission wavelength for
large QDs, and has a significant influence on the electron–hole recombination rate for small QDs. Furthermore, the
present numerical outcomes are in qualitative agreement with previous experimental findings under zero pressure.
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1. Introduction

Wide band-gap wurtzite III–V nitrides have been widely
used in recent years in the design and fabrication of op-
tical devices such as high-brightness blue/green light emit-
ting diodes (LEDs)Œ1; 2� and laser diodesŒ3; 4�. Recently, it was
found that the electronic and optical properties of wurtzite
(WZ) GaN/AlGaN quantum heterostructures are affected by
the built-in electric field (BEF) induced by the piezoelectric-
ity and spontaneous polarizations. The magnitude of the BEF
was estimated to be in the order of MV/cmŒ5; 6�. The exci-
ton states and optical properties of strained GaN/AlxGa1�xN
heterostructures have been investigatedŒ7�11�. These studies
showed that a strong BEF leads to a remarkable reduction in
the effective band-gap of the heterostructures and gives a sig-
nificant spatial separation of the electrons and holes in the
WZ GaN/AlGaN quantum heterostructures. However, none of
these calculations included the strain dependence of the mate-
rial parameters.

The hydrostatic pressure modifications of the physical
properties of nitride-based low-dimensional structures are
available and helpful for exploring new phenomena and im-
proving devicesŒ12; 13�. Wagner et al.Œ14� presented ab initio
calculations of the structural, dielectric and lattice-dynamical
properties of GaN and AlN under hydrostatic pressure. Goñi
et al.Œ15� investigated, experimentally, the pressure modifica-
tion of the phonon modes in wurtzite and zinc-blende GaN
and wurtzite AlN. Lpkowski et al.Œ16� studied the influence
of hydrostatic pressure on the light emission from a strained
GaN/AlGaN multi-quantum-well system. It was found that the
coefficient describing the pressure dependence of the photolu-
minescence peak energy was reduced with respect to the pres-

sure dependence of the energy gap. This could be explained
by the hydrostatic pressure-induced increase in the piezoelec-
tric field in the quantum structures. Ha et al.Œ17� explored
the influences of screening and hydrostatic pressure on the
binding energies of heavy-hole excitons in a strained wurtzite
GaN/Al0:3Ga0:7N quantum well and obtained two important
conclusions: (1) the binding energies of excitons increased al-
most linearly with pressure, and (2) the exciton binding en-
ergies increased obviously with decreasing barrier thickness
due to the built-in electric field. To our knowledge, calcula-
tions of the interband optical transitions due to the excitons in-
fluenced by hydrostatic pressure in wurtzite GaN/AlxGa1�xN
cylindrical quantum dots (QDs) considering the strong BEF ef-
fect and strain dependence of material parameters, are still ab-
sent at present. In this paper we study, variationally, the effects
of strain (including the strong BEF and the strain dependence
of material parameters) and hydrostatic pressure on the inter-
band optical transition and electron–hole recombination rate of
heavy-hole excitons confined in a wurtzite GaN/AlxGa1�xN
cylindrical QD with finite height potential barriers.

2. Theoretical model

2.1. Variational calculation of the exciton states

Let us now consider an isolated cylindrical GaN QD with
radius R and height L surrounded by a large energy gap ma-
terial AlxGa1�xN, in which the origin is taken at the center of
the QD and the z axis is defined to be the growth direction (see
Fig. 1). Within the framework of effective mass, the Hamilto-
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Fig. 1. A diagram of a wurtzite GaN cylindrical QD with radius R
and height L surrounded by the large energy-gap material wurtzite
AlxGa1�xN, in which the origin is taken at the center of the QD and
the z axis is defined to be the growth direction.

nian of the exciton can be written as

OHex D OHe C OHh �
e2

4�"0 N" jre � rhj
; (1)

where OHe . OHh/ is the electron (hole) Hamiltonian, re.rh/ is the
position vector of the electron (hole), e is the absolute value of
the electron charge, "0 is the permittivity of free space, and N" is
the effectivemean relative dielectric constant of the embedding
material between the electron and hole.

The Hamiltonian of the electron (hole) in the cylindrical
coordinates reads
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where subscript j D e or h denotes the electron or hole andm�
j

is the electron (hole) effective mass. The sign �.C/ is for the
electron (hole), and E is the BEF caused by the spontaneous
and piezoelectric polarizations in the WZ GaN/AlxGa1�xN
QD. For infinitely wide barriers, the strength of E in the WZ
GaN/AlxGa1�xN QD is expressed asŒ10; 18�
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(3)

where P GaN
sp , P GaN

pE and P AlxGa1�xN
sp are the spontaneous and

piezoelectric polarizations of GaN and the spontaneous polar-
ization of AlxGa1�xN, respectively, and "GaNe is the electronic
dielectric constant of the material GaN.

In Eq. (2),V.�j / andV.zj / are the in-plane and z-direction
confinement potential due to the band offset (Qj / in the WZ
GaN/AlxGa1�xN QD, respectively. They can be given by
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(5)
In this paper, the ratio of the conduction band to the valence
band offset is assumed to be 75 : 25Œ19�.

The wave function of the electron (hole) confined in the
WZ GaN/AlxGa1�xN QD can be written as

 j .�j ; 'j ; zj / D f .�j /h.zj /eim'j ; m D 0;˙1;˙2; � � � ;

(6)
where m is the electron (hole) z-component angular momen-
tum quantum number. The radial wave function f .�j / of the
electron (hole) can be obtained using the Bessel function Jm
and the modified Bessel functionKm. Wave function h.zj / can
be expressed by means of the Airy functions Ai and Bi.

In order to calculate the exciton binding energy, the trial
wave function can be chosen asŒ10;20�22�

˚ex .re; rh/ D  e .�e; 'e; ze/  h .�h; 'h; zh/ e�˛�2
ehe�ˇz2

eh ;

(7)
where  e . h/ is the electron (hole) wave function confined in
the QD, �2

eh D �2
e C�2

h �2�e�h cos.'e �'h/, z2
eh D .ze � zh/

2,
and ˛ and ˇ are variational parameters.

The ground-state energy of the exciton can be determined
by

Eex D min
˛;ˇ

D
˚ex
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OHex

ˇ̌̌
˚ex

E
h˚ex j ˚exi

: (8)

The exciton binding energy Eb and the optical transition
energy Eph can be defined as follows,

Eb D Ee CEh �Eex; (9)

Eph D Eg CEe CEh �Eb; (10)

whereEg is the effective band-gap energy of the GaNmaterial,
and Ee .Eh/ is the electron (hole) confinement energy in the
QD.

The emission wavelength associated with the exciton can
be represented as

� D
hc

Eg CEex
: (11)

The probability of radiative transition associated with the
exciton states described by the wave function (Eq. (7)) is pro-
portional to the square of the overlap integral defined asŒ20�

M 2
e�h D

ˇ̌̌̌Z
dredrh˚ex.re; rh/ı.re � rh/

ˇ̌̌̌2

: (12)

2.2. Pressure and strain dependence of the parameters

The pressure- and strain-dependent energy gaps of GaN
and AlN areŒ23�

Eg;GaN D Eg;GaN.P /C 2.a2;GaN C b2;GaN/"xx;GaN

C .a1;GaN C b1;GaN/"zz;GaN; (13)

Eg;AlN D Eg;AlN.P /C 2a2;AlN"xx;AlN C a1;AlN"zz;AlN; (14)
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where a1;i , a2;i , b1;i and b2;i .i D GaN or AlN) are the defor-
mation potentials. The dependence of the energy gap on hydro-
static pressure P is considered by the following equationŒ17�

Eg;i .P / D Eg;i .0/C �iP: (15)

The energy gap of the ternary mixed crystal AlxGa1�xN
(chosen as the barriers) isŒ19�:

Eg;AlxGa1�xN D Eg;GaN.1 � x/CEg;AlNx

� 1:3.eV/x.1 � x/: (16)

Within the infinitely thick barrier approximation, the biax-
ial lattice-mismatch induced strains in the GaN QD are given
asŒ24�

"xx;GaN D "yy;GaN D
aAlGaN.P / � aGaN.P /

aGaN.P /
; (17)

where aAlGaN.P / and aGaN.P / represent the a-axis lattice con-
stant of AlxGa1�xNandGaN. The lattice constant as a function
of hydrostatic pressure is given byŒ25�

ai .P / D a0i

�
1 �

P

3B0i

�
; (18)

where superscript i D w or b donates the well or barrier mate-
rials. The bulk modulus B0i in a wurtzite structure is given by
elastic constants C11, C12, C13 and C33 asŒ24�

B0i D
.C11;i C C12;i /C33;i � 2C 2

13;i

C11;i C C12;i C 2C33;i � 4C13;i

: (19)

Based on the Hooke’s law, the ratio of the in-plane strain
component and the strain component along the c axis can be
expressed byŒ24�

"zz;i

"xx;i

D
C11;i C C12;i � 2C13;i

C33;i � C13;i

: (20)

The strain and hydrostatic pressure dependences of the ef-
fective masses of an electron in the z direction and the x–y
plane can be calculated byŒ26�

m0

m
?;==
e;i .P /

D 1C
C

Eg;i

: (21)

Here,C is a constant and can be determined by solving Eq. (21)
at P D 0. In general, the pressure coefficient for a heavy-hole
is assumed to be zero.

Static dielectric constant "s is influenced by the strain and
hydrostatic pressure, respectively. The tensor components of
"s for the wurtzite structure are derived from the generalized
Lyddane–Sachs–Teller relationŒ24�

"s;ıı D "1;ıı

�
!LO;ıı

!TO;ıı

�2

: (22)

The frequencies of LO and TO phonons influenced by
pressure and strain in Eq. (22) can be written asŒ24�

!j;ıı D !j;ıı.P /C 2Kj;xx"xx CKj;zz"zz ; (23)

whereKj;xx andKj;zz are the strain coefficients of the phonon
modes given in Ref. [24], and j represents the LO or TO
phonon. The tensor component (ı D z; x/ is related to the LO
and TO phonon frequencies, respectively. Furthermore, the hy-
drostatic pressure dependence of !j;ıı.P / can be determined
by the given mode Grüneisen parameterŒ27�:

j;ıı D B0

1

!j;ıı

�
@!j;ıı.P /

@P
: (24)

Considering the influence of hydrostatic pressure, the
high-frequency dielectric constant in Eq. (22) can be written
asŒ28�

@"1;ıı.P /

@P
D �

5."1;ıı � 1/

3B0

.0:9 � fion/; (25)

where fion is the ionicity of the material under pressure.
The effective mean relative dielectric constant in Eq. (1) is

defined as

N".P / D
2

3
"s;xx.P /C

1

3
"s;zz.P /: (26)

The strain-induced piezoelectric polarization in Eq. (3) is
written asŒ29�

P GaN
pE D 2e31.P /"xx C e33.P /"zz ; (27)

where e31 and e33 are the strain-dependent piezoelectric con-
stants of GaN satisfyingŒ29�

e31.P / D e31.0/C
4Z�e

p
3a2

GaN.P /

d�
d"xx

; (28)

e33.P / D e33.0/C
4Z�e

p
3a2

GaN.P /

d�
d"zz

; (29)

where e31(0) and e33(0) are the clamped-ion terms that rep-
resent the effects of strain on the electronic structure, and the
second term in Eqs. (28) and (29) is the contribution resulting
from the relative displacement of the anion and cation sublat-
tices (internal strain term). The other quantities in Eqs. (28)
and (29) are the Born effective charge Z* along the c axis, the
lattice constant aGaN.P / of GaN, and the internal parameter
u. From Ref. [24], we can obtain Z� D1.18, d�

d"zz
D �0:208,

d�
d"xx

D 0:262.
The pressure-dependent radius and height of the GaN QD

may be obtained from the fractional change in volume associ-
ated with the hydrostatic pressureŒ30�,

�V

V0

D �3P.S11 C 2S12/; (30)

with V.P / D �R2.P /L.P /, V0 D �R2
0L0, �V D V.P / �

V0, and therefore

R.P / D R0Œ1 � 3P.S11 C 2S12/�
1=3; (31)

L.P / D L0Œ1 � 3P.S11 C 2S12/�
1=3; (32)

where R0 (L0/ is the radius (height) of the QD at atmospheric
pressure, and S11 and S12 are the compliance constants of GaN
given byŒ30�

S11 D
.C11;GaN C C12;GaN/

Œ.C11;GaN � C12;GaN/.C11;GaN C 2C12;GaN/�
; (33)

S12 D
�C12;GaN

Œ.C11;GaN � C12;GaN/.C11;GaN C 2C12;GaN/�
: (34)
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Table 1. Physical parameters of wurtzite GaN and AlN used in the computation.

a (nm) C11 (GPa) C12 (GPa) C13 (GPa) C33 (GPa) e31 (C/m2/ e33 (C/m2/ P SP (C/m2/

GaN 0.3189a 390b 145b 106b 398b –0.49c 0.73c –0.029c
AlN 0.3112a 398b 140b 127b 382b –0.081c

aRef. [31]. bRef. [32]. cRef. [33].

Table 2. The other physical parameters of wurtzite GaN and AlN used in the computation.

Eg (meV) m�
e .m0/ � (meV/GPa) fion a1 (meV) a2 (meV) b1 (meV) b2 (meV)

GaN 3507a 0.2a 33b 0.5c –4090d –8870d –7020d 3650d
AlN 6230a 0.32a 43b 0.499c –3390d –11810d –9420d 4020d

aRef. [31]. bRef. [34]. cRef. [17]. dRef. [24].

Table 3. The other physical parameters of wurtzite GaN and AlN used in the computation.
"1;xx "1;zz !LO;xx

(cm�1/

!LO;zz

(cm�1/

!TO;xx

(cm�1/

!TO;zz

(cm�1/

LO;xx LO;zz TO;xx TO;zz

GaN 5.20a 5.39a 757b 748b 568b 541b 0.99b 0.98b 1.19b 1.21b
AlN 4.30a 4.52a 924b 898b 677b 618b 0.91b 0.82b 1.18b 1.02b

aRef. [24]. bRef. [14].

Table 4. Calculated and measured optical transition energies under zero hydrostatic pressure in GaN/AlxGa1�xN QDs. For comparison, the
results calculated by Dai et al. without considering the strain dependence of the material parameters are also listed.

L (nm) R (nm) x E
exp t
ph (eV)

Ecalc
ph (eV) Error (%)

Present Dai Present Dai
3.5
5.5

5
25

0.15
0.10

3.581a
3.440c

3.560
3.443

3.509b
3.414b

0.59
0.09

2b
0.7b

aRef. [19]. bRef. [10]. cRef. [35].

3. Numerical results and discussion

We calculated the emission wavelengths and the electron-
hole recombination rates in WZ GaN/AlxGa1�xN cylindrical
QDs with finite height potential barriers by considering strain
and hydrostatic pressure effects. For simplicity, we concen-
trated on the heavy-hole exciton states in the following. All
the material parameters used in our calculations are listed in
Tables 1–3.

A comparison between the theoretical and measured opti-
cal transition energies under zero hydrostatic pressure is pre-
sented in Table 4. The good agreement between the present
theoretical results and the previous experimental ones suggests
that the models are suitable for investigating excitonic proper-
ties in GaN QD nanostructures. Comparison with the results
calculated by Dai et al.Œ10� without considering the strain de-
pendence of material parameters, one can see that the strain de-
pendence of the material parameters isn’t ignorable, especially
for the small QDs with a large Al content.

Figure 2 shows the emission wavelength and the electron-
hole recombination rate as a function of the QD height in
GaN/Al0:15Ga0:85N QDs with a radius R D 5 nm under zero
hydrostatic pressure. Curve A is with a BEF and strain depen-
dence of the physical parameters, curve B is without strain ef-
fect, curve C is with a BEF only, and curve D is with strain
dependence of the physical parameters only. From Fig. 2(a)
we can see that as the QD height increases, the emission wave-
length monotonically increases in all cases. This is because the

energies of the non-correlated confined electron and hole states
reduce with the increase in the QD height. Thus, the ground-
state energy of the exciton decreases, and the emission wave-
length increases. It can be further noted that the emission wave-
length is significantly increased by BEF if L increases (see
curvesB and C ). The result can be explained by the redshift of
the effective band-gap of the GaN layer due to the strong BEF.
It is also seen that the strain dependence of the material para-
meters leads to the decrease in the emissionwavelength and has
a remarkable influence on the emissionwavelength for the QDs
with small height L (see curves B andD). Furthermore, com-
paring curve A with curve B , the emission wavelength with
strain effect is higher than that without strain effect when the
QD height is> 3.8 nm, but the emission wavelength with strain
effect becomes lower than that without strain effect as the QD
height is < 3.8 nm.

Moreover, we can clearly see from Fig. 2(b) that the
electron-hole recombination rate reduces quickly with an in-
crease in the QD L height, if considering the BEF (curves A
and C ). The reason is that the electron–hole spatial separation
in the z-direction is enlarged due to the BEF whenL increases.
For a large L height (L > 5.5 nm), Figure 2(b) shows that
the electron–hole recombination rate approaches almost zero.
Therefore, the height of GaN QDs must be less than 5.5 nm for
an efficient electron–hole recombination process. This finding
is extremely important for QD device applications. Comparing
to the electron–hole recombination rate without BEF (curvesB
andD), we can see that the BEF may reduce the electron–hole
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Fig. 2. (a) Emission wavelength � and (b) the electron–hole recom-
bination rate as a function of the QD height in GaN/Al0:15Ga0:85N
QDs with radius R D 5 nm under zero hydrostatic pressure. Curve
A is with built-in electric field and strain dependence of the physi-
cal parameters, curve B is without strain effect, curve C is only with
built-in electric field, and curve D is only with strain dependence of
the physical parameters.

recombination rate greatly. Comparing curve B with curveD,
we note that the strain dependence of the material parameters
induces the increase in the recombination rate and has a re-
markable influence for the QDs with a small L height.

In Fig. 3, the emission wavelength � and the electron–hole
recombination rate are further investigated as a function of Al
content x in GaN/AlxGa1�xN QDs with height LD 2 nm and
radius R D 5 nm under zero hydrostatic pressure. Curve A is
with BEF and strain dependence of the physical parameters,
curve B is without strain effect, curve C is only with BEF, and
curve D is only with strain dependence of the physical para-
meters. Comparing curve B with curve C in Fig. 3(a), we can
see that the strong BEF gives rise to an increase in the emis-
sion wavelength when the Al content is increased. Figure 3(a)
also shows that the strain dependence of the material para-
meters leads to a large decrease in the emission wavelength,
and has a remarkable influence on the QDs with large Al con-
tent (see curves B andD). The interaction of these two effects
induces the emission wavelength with strain effect to become
lower than that without strain effect, especially for the QDs
with a large Al content (see curves A and B). This result coin-
cides with the one obtained from Fig. 2(a). In particular, from
Fig. 3(b) we can clearly see that the BEF greatly reduces the
electron-hole recombination rate (see curves B and C ). And

Fig. 3. (a) Emission wavelength � and (b) the electron–hole recombi-
nation rate as a function of the Al content in GaN/AlxGa1�xN QDs
with height L D 2 nm and radius R D 5 nm under zero hydrostatic
pressure. The curvesA, B, C andD have the samemeaning as in Fig. 2.

Fig. 4. Emission wavelength � in strained GaN/Al0:15Ga0:85N QDs
as a function of the hydrostatic pressure for different QD sizes.

the strain dependence of the material parameters obviously in-
creases the recombination rate when the Al content is less (see
curves B and D). The interaction of these two effects slowly
diminishes the electron-hole recombination rate with strain ef-
fect, with increasing Al content (curve A).

Figure 4 gives the emission wavelength � in strained WZ
GaN/Al0:15Ga0:85Ncylindrical QDs as a function of the hydro-
static pressure. It shows that the emission wavelength linearly
decreases with increasing hydrostatic pressure. The pressure-
related changes are mainly due to the pressure dependence of
both the energy gap of GaN and the QD volume. The behav-
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Fig. 5. Electron–hole recombination rate in strained GaN/
Al0:15Ga0:85N QDs as a function of the hydrostatic pressure
for different QD sizes.

ior is as follows. As the pressure increases: (1) the energy gap
of GaN increases, and (2) the QD volume decreases leading
to an increase in the exciton ground-state energy. These two
effects induce the increase in the effective band-gap of the
GaN layer, and thus the emission wavelength decreases, and
the pressure has a remarkable influence on the emission wave-
length for large QDs. For example, at L D 6 nm and R D 8
nm, the reduction in the emission wavelength is 44.99 nm as
the pressure increases from 0 to 14 GPa. AtLD 3 nm andRD

5 nm, the corresponding reduction in the emission wavelength
is 39.14 nm. Whereas the corresponding decrease in the emis-
sion wavelength is 37.49 nm when the QD height L D 2 nm
and radius R D 5 nm.

Figure 5 shows the electron–hole recombination rate in a
strained WZ GaN/Al0:15Ga0:85N cylindrical QD as a function
of the hydrostatic pressure. It indicates that the electron–hole
recombination rate increases approximately linearly with in-
creasing hydrostatic pressure. This is because the electron–hole
spatial separation reduces with increasing hydrostatic pressure.
From Fig. 5, we can see that the pressure has a significant influ-
ence on the electron-hole recombination rate for a small QD.

4. Conclusions

We investigated the effects of strain and hydrostatic pres-
sure on the emission wavelength and electron–hole recombi-
nation rate in wurtzite GaN/AlxGa1�xN cylindrical QDs with
finite potential barriers. Calculations are performed via a varia-
tional procedure within the effective-mass approximation. Nu-
merical results show that the strain dependence of the mate-
rial parameters leads to a decrease in the emission wavelength
and an increase in the electron–hole recombination rate. The
strong BEF gives rise to an increase in the emissionwavelength
and a large reduction in the electron–hole recombination rate.
The interaction of these two effects leads to an emission wave-
length with strain effect that is higher than that without strain
effect when the QD height is> 3.8 nm, but the opposite of this
occurs when the QD height is < 3.8 nm. The height of GaN
QDs must be less than 5.5 nm for an efficient electron–hole
recombination process due to the strain effect. The emission
wavelength decreases linearly and the electron–hole recombi-

nation rate increases almost linearly with applied hydrostatic
pressure. The hydrostatic pressure has a remarkable influence
on the emission wavelength for large QDs, and a significant in-
fluence on the electron–hole recombination rate for small QDs.
Furthermore, our numerical outcomes are in qualitative agree-
ment with previous experimental findings under zero pressure.
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