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Electron Raman scattering in a cylindrical quantum dot
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Abstract: Electron Raman scattering (ERS) is investigated in a CdS cylindrical quantum dot (QD). The differen-
tial cross section is calculated as a function of the scattering frequency and the size of the QD. Single parabolic
conduction and valence bands are assumed, and singularities in the spectrum are found and interpreted. The selec-
tion rules for the processes are also studied. The ERS studied here can be used to provide direct information about
the electron band structure of these systems.
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1. Introduction

Low-dimensional semiconductor systems, such as quan-
tum wells (QWs), quantum wires and quantum dots (QDs),
have attracted considerable attention because they show many
special physical properties associated with quantum confine-
ment effects, and havemany applications in the opto-electronic
and microelectronic fieldsŒ1�3�. With the progress in semi-
conductor nanotechnology, such as molecular-beam epitaxy
and metal-organic chemical-vapor deposition, various kinds
of semiconductor heterostructures can be fabricated. Further-
more, studies reveal that the peculiar properties of QD behav-
ior strongly differ from those of one-dimensional and two-
dimensional systems. It was suggested as early as 1982 that
lasers based on QD structures should exhibit superior perfor-
mance compared with those based on quantum wires and QWs
due to a noticeable modification of the density of statesŒ4�. Fur-
thermore, many new devices such as quantum transistors, high-
speed memory elements, narrowband high-emitting diodes and
infrared photodetectors, which are based on QDs, are found to
have more advantages than those based on quantum wires and
QWsŒ5; 6�.

Electron Raman scattering (ERS) is a powerful tool for
providing direct information on the energy band structure and
different physical properties of semiconductor nanostructure
systemsŒ7�9�. In particular, the electronic structure of semicon-
ductor materials and nanostructures can be thoroughly inves-
tigated considering different polarizations for the incident and
emitted radiationŒ10�. Experimental research on Raman scatter-
ing in nanocrystals has been extensively reported. Many the-
oretical studies that attempt to interpret experimental results
usually focus on the calculation of the differential cross sec-
tion (DCS) for Raman scatteringŒ11�14�. Thus, the calculation
of the DCS remains a piece of fundamental work.

Multiphonon or one-phonon assisted Raman scattering has
been discussed for many nanostructuresŒ15�. Meanwhile, Ra-
man scattering without involving phonons has also been re-
ported, and the rich spectra which are the main characteris-
tic of the ERS have been observedŒ16�. In this paper, we cal-
culated the DCS of ERS due to the electron and hole with-

out the assistance of the phonons in a QD system under var-
ious QD sizes. Due to the anisotropic optical activity in low-
dimensional semiconductorsŒ17; 18�, we found that as the QD
size decreases, the DCS increases. We obtained the rich ERS
spectra, which provide direct information about the electron
band structure of these systems. Dielectric and quantum con-
finement effects result in prominent exciton features such as
large binding energies and oscillator strengthsŒ19�. In our paper,
we find that quantum confinement effects can also intensify the
DCS of Raman scattering.

2. Model and theory

Let us briefly describe the model and fundamental theory
applied in our calculations. We consider a cylindrical QD with
infinite potential barriers. The radius and the height of the QD
are R and 2d , respectively. As explained above, we consider a
single conduction (valence) band, which splits into a subband
system due to complete electron confinement within the QD.
In the envelope function approximation, neglecting the elec-
tron–hole Coulomb interaction, the solution of the Schrödinger
equation in a conduction band can be written as
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where m�

e is the effective mass of an electron and Eg is the
energy gap between the valence and conduction bands.

Similarly, the wave function and energy eigenvalues for
the holes in the valence band are as follows:
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where m�
h is the effective mass of a hole.

3. The differential cross-section

The general expression for the ERS differential cross-
section is given by the following equationŒ11�:
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where c is the light velocity in vacuum, �.!/ is the refraction
index as a function of the radiation frequency, es is the polar-
ization vector for the emitted secondary radiation field, v is the
normalization volume,!s is the secondary radiation frequency,
and !l is the frequency of the incident radiation. W.!s; es/ is
the transition rate calculated according to
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In Eq. (7) j D e, h are for the cases of electrons or holes,

respectively, and jii and jf i denote the initial and final states
of the system with their corresponding energies Ei and Ef. jai

and jbi are intermediate states with energiesEa andEb. �a and
�b are the lifetime broadenings in the intermediated states.

The operatorHl is of the form

OHl D
e
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wherem0 is the free electron mass. This operator describes the
interaction with the incident radiation field in the dipole ap-
proximation. The interaction with the secondary radiation field
is described by the operator
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This Hamiltonian describes the photon emission by the
electron (hole) after the transition between the conduction (va-
lence) subbands of the system.

In the initial state jii there is an incident radiation photon
with energy „!l; the conduction band is considered to be empty
and the valence band is completely occupied by the electron.
The energy of the initial state is

Ei D „!l: (10)

The final state of the process involves an EHP in a real
state and a scattered light with energy „!s. Thus,

Ef D „!s CEmelete CEmhlhth CEg; (11)

where Emelete and Emhlhth are determined by Eq. (2) and (4).
Using the energy conservation law we get
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for the electron intermediate states and
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for the hole intermediate states.
In the following, we calculate the matrix elements of the

DCS in the scattering configurations Z.e l; es�/Z.
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After a tedious calculation, the DCS for the intermediate
states in the conduction band can be written as,"
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Fig. 1. Raman spectrum of the CdS cylindrical QD in the scatter-
ing configuration Z.el; esr/Z. The radius and thickness are 2.5 and
3.0 nm.

We can get similar expressions for the interband ERS pro-
cess with the intermediate states in the valence band (with re-
placements me ! m0
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FromEqs. (14) and (15), it is clearly seen that the following
selection rules must be satisfied if the DCS is not equal to zero:

lh D l 0e D le; mh D m0
e D me; j D e;

le D l 0h D lh; me D m0
h D mh; j D h: (22)

4. Results and discussion

In this section, we present the numerical calculations of
the DCS for ERS in the CdS cylindrical QD. The physical
parameters used in our expression areŒ20�: m�

e D 0:18m0,
m�

h D 0:51m0, Eg D 3:9 eV and �a D �b D 1 meV.
From Eqs. (20) and (21), it is easy to find that the emission

spectrum show maximums at the following values of !s,
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These frequency values correspond to conduction elec-
tron intersubband transitions or hole intersubband transi-
tions in the valence band. By the scale problem, we have
shown only a few transitions at all spectrums. Resonant elec-
tron transitions are indicated by �e.m0

e; t
0
e; l

0
eIme; te; le/ and

�h.mh; th; lhIm
0
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0
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Fig. 2. Raman spectra of the CdS cylindrical QD in the scattering con-
figuration Z.el; esr/Z. The radius and thickness are 2.5 and 3.0 nm.
(a) and (b) correspond to the process with the intermediate state in the
conduction and valence bands, respectively.

or valence hole intersubband transitions, respectively. In these
cases, the !s values for which we find singularities do not de-
pend on the incident radiation frequency !l and only depend
on the energy differences between the valence and conduction
subbands.

In Fig. 1 we show the emission spectrum of the cylin-
drical QD in the scattering configuration Z.e l; esr/Z. The
radius and thickness of the QD are 2.5 and 3.0 nm. From
this figure, we find the following characteristics: (1) that the
value of singularities due to the electron is larger than that
due to the hole; (2) that the positions („!s) of the singular-
ities corresponding to the valence hole intersubband transi-
tions are smaller than those of the conduction electron in-
tersubband transitions with the same quantum numbers (e.g.
�h(0, 1, 1; 0, 2, 1) and �e(0, 2, 1; 0, 1, 1); �h(1, 1, 1; 1, 2, 1) and
�e(1, 2, 1; 1, 1, 1), etc.). This characteristic tells us that the dif-
ference in energy levels between the valence hole subband is
much smaller than that between the conduction electron sub-
band in this system. The same results have been obtained in
Refs. [12, 16]. (3) As the quantum numberme.h/ increases, the
value of the singularities decreases. Further calculation reveals
that when me.h/ ! 1, the Raman intensity becomes very
weak and can be ignored. So the main contributions to the
DCS are those transitions with small me.h/. This figure pro-
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Fig. 3. Raman spectra of the CdS cylindrical QD with various radii.
(a) and (b) correspond to the process with the intermediate state in the
conduction and valence bands, respectively.

vides a transparent understanding of the electron subband en-
ergy structure of the cylindrical QD.

In Fig. 2 we show the emission spectra with transitions
between higher energy level subbands. (a) and (b) correspond
to the process with the intermediate state in the conduction
and valence band, respectively. The radius and thickness of
the QD are the same as Fig. 1. From this figure, it can be
seen that with the same me.h/ (e.g. me.h/ D 0; 1) the Raman
intensity with transitions between large te.h/ is much weaker
than that with transitions between small te.h/. As indicated
in the figure, the contributions to the DCS for transitions
�e.h/(0, 3, 1; 0, 1, 1), �e.h/(0, 3, 1; 0, 2, 1), �e.h/(1, 3, 1; 1, 1, 1)
and �e.h/(1, 3, 1; 1, 2, 1) are 2–5 orders smaller than those for
transitions �e.h/(0, 2, 1; 0, 1, 1), �e.h/(1, 2, 1; 1, 1, 1). For other
transitions we get the same results. This investigation tells us
that the transitions between small te.h/ make the main contribu-
tions to the DCS. When combined with Fig. 1, this gives us an
important conclusion, that only transitions with smallme.h/ and
between small te.h/ make the main contributions to the DCS.
Thus in the study of Raman scattering and many other cases,
we should always consider the low energy level inter- or intra-
subband transitionsŒ13; 14; 21; 22�. For surface phonons in QDs,
the inter-subband transitions can be neglected and the electrons
are assumed to only occupy the ground subbandŒ13; 14�.

In Fig. 3, the emission spectrum for the different sizes of

Fig. 4. The different energy levels 4E between the two subbands for
transitions �e(1, 2, 1; 1, 1, 1) and �h(2, 1, 1; 2, 2, 1) as a function of R.

QD in the scattering configuration Z.e l; esr/Z is shown. The
transitions we choose here are�e(1, 2, 1; 1, 1, 1) in Fig. 3(a) and
�h(2, 1, 1; 2, 2, 1) in Fig. 3(b). The radii are shown in the fig-
ures. From this figure, we investigate that as R increases, the
peaks shift to the lower energy. The reason for this is that as the
width of the QD increases, the energy levels for both the elec-
tron and hole decrease. Moreover, asR decreases, the intensity
of the peaks increases. This is caused by very anisotropic opti-
cal activity due to quantum confinementŒ17; 18�. As the radii de-
crease, the anisotropic optical activity becomes stronger due to
more significant quantum confinement, so the intensity of the
peaks corresponding to both the hole and electron increases.

In Fig. 4 we show the difference in energy levels (i.e. 4E)
between the two subbands for transitions �e(1, 2, 1; 1, 1, 1)
and �h(2, 1, 1; 2, 2, 1) as a function of the size of the QD.
The solid line is for �e(1, 2, 1; 1, 1, 1) and the dotted line for
�h(2, 1, 1; 2, 2, 1). As in the investigation by Raman scattering
in Fig. 4, as the QD size increases,the 4E decreases rapidly.
When R is large enough, the 4E will converge to zero. This
reveals that when R ! 1, the quantum confinement effect
caused by R will disappear and the energy of the electrons and
holes will become continuous. The QD will change into a two-
dimensional QW.

5. Conclusion

In this work, we theoretically investigated the DCS for the
ERS process associated with an electron and a hole in a CdS
cylindrical QD structure. A rich spectrum, which is the main
characteristic of the ERS, was obtained and interpreted. The
results revealed that the contribution corresponding to the elec-
tron is larger than that due to the hole and for different QD
sizes, and the DCS for both the electron and hole changes sen-
sitively. The emission spectrum for the different sizes of QD
reveals the anisotropic optical activity due to the quantum con-
finement of this systemŒ17; 18�. Moreover, the investigation tells
us that only transitions with smallme.h/ and between small te.h/

make the main contributions to the DCS. The spectrum we get
here could be used to study the electron band structures of such
a system.
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