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Abstract : The elect ron t ransport properties in Ge are calculated by full band Monte Carlo technique with anisot ropic

scattering consideration. The calculation procedures are as follows : the full band st ructure is calculated by nonlocal

empirical p seudopotential approach ;the relative value of density of state (DOS) is computed by counting the number

of states located in a certain region of the energy ; the phonon dispersion curve is obtained f rom an adiabatic bond2
charge model ;the elect ron2phonon scattering rates are approximated by the nonparabolic model derived from Fermi’s

golden rule at low energy region and scaled by DOS at higher energy region ;the energy and momentum conservations

are employed for choosing the final state after scattering. The validity of this Monte Carlo simulator and the physical

models that are used is fully confirmed by comparing the program output to experimental result s listed in references.

As this Monte Carlo model can accurately reproduce the velocity and energy characteristics of elect rons in Ge and the

DOS scaled scattering rate can significantly reduce the computational cost for scattering rates ,this approach is suit2
able for device simulation.
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1　Introduction

As the advancement of modern integrated cir2
cuit s , t he device dimension is scaled down to sub2
100nm , and in t his small dimensional region , Si

MOSFET will reach it s limit . Nowadays , Ge is

known as a promising candidate for f ut ure ad2
vanced MOSFET subst rate for it s high mobility

and good interface p roperties with high k dielec2
t ric[1 ,2 ] . However ,in t his small dimensional region ,

some basic p hysical p henomena such as t unnelling

current ,blast t ransport ,velocity overshoot ,and hot

carrier effect s will dominate t he device characteris2
tics. As a result ,it is necessary to account for quan2
t um effect s ,elect ron2p honon scat tering ,impact ion2
ization ,and ot her solid state characteristics to sim2
ulate t he t ransport characteristics of semiconductor

materials and nano2scaled devices. Among the de2
vice simulation techniques , Monte Carlo ( MC) ap2
proach is the mo st p romising candidate including

t hese foundational p hysical concept s[3 ] . In early

days , MC model used t he analytical parabolic or

nonparabolic band st ruct ure , t hus deduced t he

isot ripic scat tering rates and easily choosing of af2
ter scat tering states in the Brillouin zone f rom t he
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valley definition[ 4 ] . However , as t he elect rons get

higher energy in small dimensional devices , t he

band st ruct ure can’t be expressed analytically and

t he parabolic or nonparabolic scat tering rates mod2
el is improper . Furt hermore , t he post2scattering

state can’t be selected f rom t he valley model , be2
cause t he valley is ill defined in t he high energy re2
gion. The band st ruct ure of germanium is compli2
cated and t he energy difference between valley L

and X is only 0118eV so t hat t he intervalley scat2
tering is very important ,which shows more aniso2
t ropic than Si at high energy. Therefore , a wave2
vector dependent scat tering model is p roposed for

t he high energy t ransport calculation[5 ] ,for which

t he main defect rest s wit h it s much more CPU in2
tensive. Alt hough t here is the p rogress for final

state choosing by the analytical fit ting band st ruc2
t ure[6 ] ,t he scat tering rates calculation is still CPU

intensive. In t his paper , a Monte Carlo simulator

for germanium with anisot ropic scat tering consid2
eration is developed ,t he scat tering rates at high en2
ergy are obtained by t he non2parabolic model and

scaled by density of states and the final states are

chose anisot ropically f rom energy and moment um

conservations. Good agreement with experimental

result s ,wave2vector dependent scat tering model is

achieved. As it is accurate and t he scattering rates

calculation is efficient , t his anisot ropic calculation

approach not only can be used in device simulation

but also can be applied to ot her complicated band

st ruct ure materials.

2　Band structure , phonon dispersion ,

and density of states

　　For anisot ropic MC simulation of elect ron

t ransport in solid , t he band st ruct ure ,p honon dis2
persion relation ,and t he density of states should be

obtained as necessary inp ut files.

2. 1　Band structure

The p seudopotential Harmiltonian mat rix ele2
ment was given by Potz and Vogl [7 ] :

H KK′ =
∂2

2 m
K2δKK′+ [V S (| K - K′| ) +

V S
NL ( K, K′) ]co s[ ( K - K′)τ] (1)

where m 3 is an effective mass , k is t he wave vector

in t he first brillouin zone and K = k + G, K′= k +

G′, G and G′are recip rocal lat tice vector , and t he

nonlocal part V S
NL ( K, K′) is expressed as

V S
NL ( K, K′) =

4π
Ωa ∑l =0 ,2

A i
l (2 l + 1) Pl (cosθKK′) Fi

l ( K, K′)

(2)

where Pl ( x) is Legendre polynomials ,θKK′denotes

t he angle between K and K′, A i
l is a parameter and

only l = 2 should be comp uted for Ge ,Ωa is t he a2
tomic volume , a is t he lat tice constant and

Fi
l ( K, K′) =∫

∞

0
r2 j l ( Kr) f i

l ( r) j l ( K′r) d r (3)

where j l ( x) is t he sp here Bessel f unction and f i
l ( r)

= exp ( - r2 / R i2
l ) .

Then ,t he energy eigenvalues and eigenvectors

are found by solving the secular equation

det | H KK′( k) - E( k)δKK′| = 0 (4)

　　Figure 1 shows t he conductance band st ruc2
t ure for germanium calculated by t he above nonlo2
cal p seudopotential using t he parameters listed in

Table 1. By detailed comparisons of critical point

energies calculated by this p seudopotential method

and measured by p hotoemission experiment s[8 ] ,we

conform the validity of t he calculation.

Fig. 1 　Conductance band st ructure for Ge calculated

by nonlocal pseudopotential approach
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Table 1　Local and nonlocal p seudopotential parameters for Ge

Material Lattice constant/ nm
Form factors ( Ry) Nonlocal parameters

V s (3) V s (4) V s (8) V s (11) α0 ( Ry) β0 A 2 ( Ry) R0 R2

Ge 01 565 - 0. 2378 - 0. 1600 0. 0053 0. 0678 0 0 0. 275 0 1. 22

2. 2　Phonon dispersion relation

The p honon energy is very important to deter2
mine t he scattering rate or t he post2scattering

state. There are several approaches to calculate the

p honon dispersion curves. In t his MC calculation ,

t he adiabatic bond charge model for the dynamics

of diamond2type crystals is adopted to calculate the

p honon dispersion relation for Ge in t he irreducible

wedge of the first brillouin zone[9 ] ;four types of in2
teractions are used : (1) cent ral ion2ion forces ; (2)

Coulomb interactions of the ions and bond charges

(BC’s) ; (3) cent ral ion2BC forces ; (4) bond2ben2
ding forces. The result s are shown in Fig. 2. Note

t hat t he result is satisfactory by comparing wit h

Ref . [ 9 ] or even a text book.

Fig. 2　Phonon dispersion relation for Ge calculated by

adiabatic bond2charge model

2. 3　Density of states

According to t he definition , DOS can be ob2
tained f rom t he f ull band st ruct ure in t he Brillouin

zone as follows :

D ( E) = ∑δ( E( k) - E) (6)

where E is t he energy.

The absolute value of DOS is given by t he sur2

face integral over t he equal energy E ,

D ( E) =∮ ds
| ¨k E ( k) |

(7)

where ds denotes t he area of iso2energy surface in

t he Brillouin zone grid. This integral can be evalua2
ted by numerical met hod.

As t he DOS is used to scale t he scat tering

rates obtained f rom t he valley model , t he relative

value of DOS at different energy is adequate.

Therefore ,a relatively simple method can be used

which account s the number of t he states in t he k

space between t he range f rom E -ΔE to E +ΔE. It

can give the relative value of DOS ,that is ,t he DOS

calculated by this met hod has t he arbit rary unit s.

This result shown in Fig. 3 is used to scale t he

scat tering rate of t he valley model at higher ener2
gy.

Fig. 3　Density of states obtained f rom band st ructure

of Ge

3　Eff icient anisotropic scattering

rates calculation

　　Act ually , t he elect ron state t ransition rate

f rom k to k±q’is given by Fermi’s golden rule[4 ] ,

p ( k , k±q) =
2π
∂

|〈v′, k±q , N q º 1 | H′| v , k , N q〉| 2 ×

δ(ε( k ±q) -ε( k) º ∂ωq ) (8)
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Subt ration and plus signs correspond to emission

and absorption of a p honon ,respectively.

While anisot ropic scat tering rates are wave2
vector and energy band dependent , it s calculation

may be very time2consuming when using first p rin2
ciple f rom the f ull band discrete result s. In a sim2
plified app roach ,the rates may be obtained with the

standard non2parabolic band approach. A scaling

based on t he knowledge of t he f ull band density of

states is applied to get the p roper behavior . This

may be accepted since at high energy t he DOS is

expected to play a more important role t han t he de2
tails of band st ruct ure[ 6 ] are. Also ,t his p rocedure is

acceptable for most device simulation applications

and it adds negligible cost wit h respect to the

standard Monte Carlo approach. It is t hen possible

to up date scat tering table on2t he2fly if one want s to

change temperat ure ,material composition ,etc.

At low energy level ,t he classical non2parabolic

model is valid and t he scat tering rates[ 4 ] can be

used. At high energy t he scattering rates should be

numerically calculated using t he f ull band st ruc2
t ure. However ,as a first app roximation ,we decide

to account for t he band2st ructure effect only

t hrough t he DOS term.

p (ε) =

p ( nonparabolic) , 　ε≤ε0

p ( nonparabolic) DOS (ε)
DOS (ε0 )

, ε>ε0
(9)

where p ( nonparabolic) is t he scattering rates ob2
tained wit h t he standard non2parabolic band ap2
proach ,DOS (ε) and DOS (ε0 ) are t he density of

states at energy ε andε0 , respectively ,ε0 is t he

t hreshold energy below which t he nonparabolic

model is valid ,which equals to 014eV in t his simu2
lator . The energy dependent scat tering rate is cal2
culated and shown in Fig. 4.

We take into account the following scattering

mechanisms : acoustic p honon absorption , acoustic

p honon emission ,optical p honon absorption ,optical

p honon emission , ionized imp urity , impact2ioniza2
tion , and self2scattering. The energy dependent

Ridley and Keldysh formulation are used for ion2
ized imp urity scattering and impact ionization rate ,

Fig. 4 　Total phonon scattering rate for Ge calculated

by valley model and scaled by density of states

respectively.

4　Calculation procedure

In t his MC simulator , t he 1/ 48 irreducible

wedge of the first brillouin zone is discretized wit h

t he mesh spacing of 01025 in unit s of 2π/ a ,where

a is t he lat tice constant ,t he wedge is discretized by

7544 grids. In each grid , t he band st ructure and

p honon dispersion curves are calculated. The dis2
crete band and p honon information , along wit h

DOS ,are created as inp ut files in the main pro2
gram.

At f ree flight , t he semiclassical equations de2
scribing t he motion of an elect ron in t he recip rocal

and real space ,are writ ten ,respectively ,as

d k
d t

= -
eF
∂

(10)

d r
d t

=
1
∂

¨k E ( k) (11)

　　U nder the elect ric field , some elect rons suffer

f ree flight but ot hers will scat according to t heir

scat tering rates ,and t he types of scat tering will be

chosen stochastically.

Af ter scat tering t he elect ron state is changed

according to t he nat ure of t he scattering. The selec2
tion of post2scat tering is another CPU intensive

procedure of MC simulation state because of t he

discrete band st ruct ure and p honon disperasion re2
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lation. In t his simulator ,it is assumed t hat energy

and moment um conservation is held in t he selec2
tion. The selection of the post scat tering state in k

space consist s of three part s. Firstly , simulator se2
lect s the cubes whose energy are wit hin the range

of energies plus/ minus p honon maximum energy

40meV in t he wedge of first Brillouin zone[11 ] , sig2
nificantly reducing t he comp utation cost s. Second2
ly ,t hese cubes are mapped to the whole Brillouin

zone according to the symmet ry property. Finally ,

t he final states are chosen stochastically in the iso2
energy surface of t he selected cubes defined by

Fermi’s golden rule[12 ] .

5　Results and discussion

The new Monte Carlo simulator has been ap2
plied to t he t ransport p roperties in bulk germani2
um. Figure 5 shows t he average velocity of elec2
t rons in Ge versus elect rical field at 77 K and 300 K

respectively. The experimental result s are also

shown in t his figure for comparison[13 ] . Since t he e2
lect rons with higher energy will experience larger

scattering rates ,as shown in Fig. 4 ,t he drif t veloci2
ty deviates f rom linearity at high elect ric field re2
gion. On t he other hand ,t he drif t velocity decreases

at higher temperature because of t he larger scatter2
ing rates also shown in Fig. 4. It is also found f rom

Fig. 5 t hat the elect ron velocities show st rong

anisot ropicity at lower temperature ,and a negative

differential mobility ( NDM) occurs at 77 K along

t he (100) direction ,which is at t ributed to t ransfer

elect ron mechanism and t he non2parabolicity of the

lower valleys[4 ,13 ] .

The average elect ron energy simulated versus

elect rical field at different temperat ures ,along wit h

t he previous MC work ,is shown in Fig. 6[3 ,4 ] . Al2
most no anisot ropicity was found in the simula2
tion , so t he result s in t he figure rep resent along

both ( 100) and ( 111) directions. It can be seen

t hat when elect ric field is higher t han 104 V/ cm ,the

average energy is larger t han the energy gap be2
tween valley L and X , t hus will induce the inter2

Fig. 5 　Dependence of average drif t velocity of elec2
t rons in Ge on elect ric field at different temperatures

valley scat tering f rom L to X in Ge ,and t his t rans2
fer elect ron effect causes the NDM in v2E curve.

For p resent small dimensional devices , t he elect ric

field exceeds 104 V/ cm in considerable part of t he

channel ,t he inter2valley scat tering has a significant

impact on device behavior . As t he parabolic or non2
parabolic band st ruct ure is out of t he range of va2
lidity at t his energy ,the selection of post2scat tering

state based on discrete band st ructure and energy2
moment um conservation is necessary.

Fig. 6　Average energy of elect rons in Ge as a function

of elect ric field at different temperatures

From t hese figures , it is found t hat t his MC

simulator with anisot ropic scat tering consideration
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can accurately rep roduce experimental or p revious

MC result s at a wide range of temperat ure and e2
lect ric field. As t his DOS scaled scattering rates can

be obtained efficiently and t he result s are satisfac2
tory in the range of normal device operation ,it can

be used in device simulator .

6　Conclusion

Monte Carlo simulator for t he elect ron t rans2
port in germanium is developed. By t he f ull band

st ruct ure ,p honon dispersion relation and density of

states as inp ut s , t he energy dependent scattering

rates are obtained with nonparabolic approach and

scaled by density of states at higher energy range.

The af ter2scat tering state is selected based on ener2
gy and moment um conservation in t he discrete k

space anisot ropically. The result s in t he range of

normal device operation are satisfactory by compa2
ring wit h t he experiment data or p revious MC sim2
ulator . As it’s DOS scaled scat tering rates can min2
imize t he calculation time ,t his approach is suitable

for t he device simulator .
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考虑各项异性散射的锗中电子输运的全能带蒙特卡洛模拟 3

陈　勇1 　Ravaioli Umberto2

(1 电子科技大学微电子与固体电子学院 , 成都　610054)

(2 Beckman Institute , University of Illinois at Urbana2Champaign , Urbana IL 　61801 , USA)

摘要 : 在考虑各向异性散射的基础上 ,对锗中电子输运特性进行了全能带蒙特卡洛模拟.计算过程如下 :锗的全能

带由 nonlocal empirical pseudopotential 方法求得 ;态密度的相对值通过不同能量的状态数得到 ;声子色散谱由 adi2
abatic bond2charge模型求出 ;电子2声子散射率在低能量时采用费米黄金律得出的非抛物线散射率 ,高能量则通过

态密度对其修正而得到 ;散射后的状态满足能量守恒和动量守恒 .通过比较计算结果与实验报道 ,证实了该模型算

法的正确性 ,由于该模型能正确反映锗中电子的速度与能量特性 ,同时又能大大降低散射率的计算成本 ,故可运用

在器件模拟中.

关键词 : 蒙特卡洛模拟 ; 费米黄金律 ; 输运特性 ; 锗
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