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Abstract : A diff erential equation f or calculating squeeze2f ilm air damping in slot ted plates is developed by

modif ying t he Reynolds equation. A term is added to account f or t he eff ect of airf low t hrough t he slots on t he air

damping of t he plate . The end eff ect of t he airf low in t he slots is also t reated by substituting an eff ective channel

lengt h f or t he geomet ric channel lengt h (i . e . t he t hickness of t he plate) . The damping p ressure dist ribution , damp2
ing f orce , and damping f orce coeff icient of t he slot ted plates can be f ound by solving t he equation under app rop ri2
ate boundary conditions . Wit h rest rictions on t he t hickness and t he late ral dimensions of t he slot ted plate re2
moved , t he equation p rovides a usef ul t ool f or analysing t he squeeze2f ilm air damping eff ect of slot ted plates wit h

f inite t hickness and f inite lateral dimensions . For a typical slot ted plate st ructure , t he damping f orce coeff icient

obtained by t his equation agrees well wit h t hat generated by ANS YS.
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1　Introduction

Squeeze2film air damping is a crucial factor in
M EMS sensors and actuators such as micro accel2
erometers , microp hones , and micro switches. A
large damping effect is one of t he most common
factors t hat lead to t he deterioration of M EMS de2
vice performance. To reduce squeeze2film air damp2
ing ,plates in M EMS devices are often perforated or

slot ted[ 1 ] so that air can flow t hrough t he holes or

slot s as well as t he perip heral borders ,reducing the
damping effect . As a process measure , holes or
slot s are opened in large2area plates by surface mi2
cro machining to reduce the etching time of t he sac2
rificial layer under t he plates. Recently , grated or
slot ted plates have been used in M EMS devices
such as micro mechanical gyroscopes[2 ] , elect ric

field sensors[ 3 ] , and optical displays[4 ] . Therefore ,

research on t he air damping of perforated or slot ted
plates is important to the design of M EMS devices.

The squeeze2film air damping of M EMS de2

vices is usually analyzed using t he Reynolds equa2
tion[5～7 ] . For a solid plate , t he squeeze2film air
damping can be found by applying t he Reynolds e2
quation with appropriate boundary conditions. For
perforated or slot ted plates ,however ,t he Reynolds
equation can only be used if the plates are assumed
to have infinitesimal t hickness and infinite lateral
dimensions[7 ] . Numerical calculations must be per2
formed for perforated or slot ted plates wit h finite
t hickness and finite lateral dimensions. Since nu2
merical calculation is time2consuming and not
t ransparent ,an analytical method is desirable for a2
nalysis and design.

We have developed a modified Reynolds
equation for t he analysis of perforated plates wit h

finite t hickness and finite lateral dimensions[8 ] . We
also show a modified Reynolds equation for slot ted
plates. The dist ribution of damping pressure , t he
damping force on the plate ,and the damping force
coefficient can be found using the equation with ap2
propriate boundary conditions. In p rinciple , t he e2
quation can be used to analyze damping for a slot2
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ted plate with finite t hickness and finite lateral di2
mensions.

To int roduce the application of t he t raditional
Reynolds equation ,and for f urt her comparison wit h
t he damping effect of slot ted plates ,an analysis of
t he squeeze2film air damping of a long rectangular
solid plate is given first before p roceeding to the
case of a slot ted plate.

The Reynolds equation[5～7 ] used for the
squeeze2film air damping of a solid plate is

52 p
5 x2 +

52 p
5 y2 =

12μ
h3 ×

d h
d t

(1)

where p ( x) is t he damping pressure caused by the
squeeze2film effect ,μ is t he visco sity coefficient of
air ,and h is t he distance between t he plate and the
nearby subst rate against which t he plate moves.
For t he details of t he derivation of Eq. (1) ,readers
are referred to Ref . [ 8 ] .

For a rectangular plate wit h a lengt h much
greater t han it s widt h , Equation (1) becomes one2
dimensional

52 p
5 x2 =

12μ
h3 ×

d h
d t

(2)

　　If t he widt h of the plate is 2c , as shown in
Fig. 1 , t hen by using t he boundary conditions
p ( ±c) = 0 ,we obtain t he damping pressure

p ( x) = -
6μ
h3 h
·

( c2 - x2 ) (3)

Fig. 1　Squeeze2film air damping of a long rectangular

solid plate

Having briefly int roduced squeeze2film air
damping , we will p roceed to develop a modified
Reynolds equation for slot ted plates wit h finite
t hickness and finite lateral dimensions. Then we
will obtain t he dist ribution of damping pressure ,
t he damping force on t he plate , and t he damping
force coefficient of a long rectangular slot ted plate
using t his equation. The result s agree wit h those
for a solid plate wit h t he same dimensions and wit h
t hose for a slot ted plate wit h t he same dimensions
but infinitesimal t hickness.

2 　Modif ied Reynolds equation for
squeeze2f ilm air damping of slot2
ted plates

　　Consider a t hin slot ted plate as shown in Fig. 2
(e. g. a st ructure fabricated by surface micro2ma2
chining) . If t he plate widt h is much greater t han a
cell widt h ,t he air will be squeezed out or sucked in
primarily t hrough the slot s when t he plate oscil2
lates against t he subst rate ,and t he air flow under
t he plate can be considered lateral in t he direction
normal to t he slot s. Therefore , t he damping pres2
sure on t he plate is determined by Eq. (2) and t he
boundary conditions in Eq. (4) :

5 p
5 x x = a

= 0 , 　p (±b) = 0 (4)

The damping pressure f rom t he airflow under a cell
is

p ( x) =
6μ
h3 h
·

( x - b) ( x + b - 2 a) (5)

The average pressure f rom t he airflow under a cell
is

pL = -
4μa2

h3 h
·

(1 - β) 3 (6)

where β is t he ratio between t he slot and cell
widt hs so thatβ= b/ a.

Fig. 2　Squeeze2film air damping in a thin slotted plate

　(a) Top view ; ( b) Cross2sectional view ; (c) A cell

with coordinates

The main problem wit h t he above t reatment is
t hat t he damping effect of t he airflow t hrough t he
slot s ,between neighboring cells , t hrough t he bor2
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ders is not considered. This is an acceptable ap2
proximation for t hin slot ted plates. However ,if t he
plate is t hick enough , t he p ressure build2up f rom
t he airflow through the slot can no longer be neg2
lected. In t his case ,a new analysis method for the
squeeze2film air damping is needed for design con2
siderations.

To find t he differential equation for the
squeeze2film air damping of a slot ted plate , let us
first take t he case wit h a finite t hickness as shown
in Fig. 3. The vertical airflow t hrough t he slot will
cause an ext ra resistive force on t he plate.

Fig. 3　Squeeze2film air damping in a thick slotted plate

　(a) Top view ; (b) Cross2sectional view (“cell and co2
ordinates”see Fig. 2 (c) )

According to f undamental hydrodynamics , t he

air volume per unit time V
·

1 passing t hrough a slot
with width L and channel lengt h H ,and t he pres2
sure difference , pH , between t he two ends of the
channel have t he following relationship :

V
·

1 =
d V1

d t
=

2 L b3

3μH
p H (7)

　　U nder the condition of small squeeze number ,
t he p ressure variation caused by t he air damping is
much smaller t han t he original p ressure ,so t hat air
is considered“incompressible”. Since the reduction
of volume under t he cell is equal to the volume of
air flowing out of the slot ,we have

V
·

1 =
2 L b3

3μH
p H = - 2 aL h

·

From t his equation ,t he p ressure caused by the air2
flow t hrough t he slot is

p H = -
3μHa

b3 h
·

(8)

　　Therefore ,t he total average damping pressure
in t he cell is

p = p H + pL = p H 1 +
4 ab3

3 h3 H
(1 - β) 3

≡ p Hξ(β) (9)

whereξ(β) = 1 +
4 ab3

3 h3 H
(1 -β) 3 .

Generally ,t he widt h of a slot is much smaller
t han t hat of t he plate. Thus the pressure p in
Eq. (9) can be taken as t he pressure at t he center
of t he cell and f urther t reated as a continuous f unc2
tion p ( x) of t he whole plate. For t he same reason ,
t he airflow t hrough t he slot can be approximated as
a uniform flow t hrough t he cell area ,and t he flow
rate (per unit area per unit time) is

Q z =
V
·

1

2 aL
=

b3

3μa H
× p
ξ(β)

(10)

　　Thus , t he balance of mass flow can be ex2
pressed as (refer to Eq. (31211) of Ref . [ 7 ])

5 (ρq x )
5 x

+
5 (ρq y )

5 y
+

b3

3μa H
× 1
ξ(β)
ρp +

5 (ρh)
5 t

= 0

where q x = -
h3

12μ
×5 p

5 x
and q y = -

h3

12μ
×5 p

5 y
. Fol2

lowing t he derivation process in Ref . [ 7 ] ,t he modi2
fied Reynolds equation for the squeeze2film air
damping of a slot ted plate is

52 p
5 x2 +

52 p
5 y2 -

4 b3

a h3 H
× 1
ξ(β) p =

12μ
h3 h
·

(11)

　　Equation (11) is a generalized version of t he
conventional Reynolds equation. In t he derivation ,
we assumed t hat the airflow in t he slot s is a f ully
developed Poiseuille flow. This generalized Reyn2
olds equation differs f rom t he conventional Reyn2
olds equation by an additional term ,t he t hird term
in t he equation. This term represent s t he damping
effect of vertical airflow in t he slot . Thus ,Equation
(11) can be used generally in dealing wit h the air
damping of slotted plates with finite t hickness and
finite dimensions. With app ropriate boundary con2
ditions ,t he p ressure dist ribution ,t he damping force
on the plate ,and the damping force coefficient can
be found by solving this modified Reynolds equa2
tion.

For a slot ted plate wit h a finite t hickness (t he
lengt h of channel) ,t he effect caused by the ends of
t he channel must be considered. According to Eq.
(5118) in Ref . [ 9 ] ,t he end effect can be considered
by replacing t he geomet ric height , H ,wit h an effec2
tive height , Heff ,in t he equation. The expression of
t he effective height is
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Heff = H +
16
3π

b (12)

The end effect might be significant if t he t hickness
of t he plate is small .

3 　Air damping of long rectangular
slotted plates

　　As a usef ul example ,we consider a rectangular
slot ted plate wit h it s lengt h , L , much larger t han
it s widt h , 2c ( L µ 2c µ 2 a , as shown in Fig. 3) .
Thus , Equation (11) becomes one2dimensional . By

defining two constant s l = a h3 Hξ(β) / 4 b3 and R

= -
12μ
h3 h
·

, Equation (11) can be f urt her simplified

to
d2 p
d x2 -

p
l2 + R = 0 (13)

　　Wit h the boundary conditions p ( ±c) = 0 ,the
air damping pressure is

p ( x) = Rl2 1 - cosh ( x
l

) / cos h ( c
l

) (14)

　　The dependence of p ressure dist ribution on
t he ratio c/ l is shown in Fig. 4 ,where t he damping
pressure has been normalized to Rl2 .

Fig. 4　Dependence of pressure dist ribution on c/ l

From Eq. (14) ,t he damping force on t he long
rectangular slot ted plate is

Fd = 2 cL Rl2 [ 1 - ( l/ c) t a nh ( c/ l) ] (15)

Since c is usually much larger than l ,Equation (15)

can be f urt her simplified to
Fd = 2 L Rl2 ( c - l) (16)

and t he damping force coefficient for t he plate is

cd =
24
h3μL l2 ( c - l) (17)

These result s imply t hat t he damping pressure can
be considered to have a uniform value of Rl2 in
mo st of t he area under t he plate but drop s to zero
at t he border of t he area wit h a width of l. There2
fore , l is sometimes referred to as the at tenuation
lengt h.

If t he slot s are very narrow and the plate is
very t hick so t hat t he at tenuation lengt h l is much

greater t han t he half2widt h c of t he plate ,Equation
(14) reduces to Eq. (3) for t he solid plate with t he
same dimensions.

To another ext reme , if t he plate is very t hin
(i. e. H→0) , so that t he at tenuation lengt h is very

small (i . e. l →0) andξ(β) →4 ab3

3 h3 H
(1 -β) 3 . Equa2

tion (14) shows t hat t he damping p ressure in most
of t he area under t he plate (except for t he area ver2
y close to the borders of t he plate) has a constant
value

p = Rl2 = -
4μa2

h3 h
·

(1 - β) 3

　　This result coincides wit h t he squeeze2film
damping force of an infinite slot ted plate obtained
by the conventional Reynolds equation ,as shown in
Eq. (6) .

To verify t he above analysis , we compare t he
damping force coefficient obtained f rom t he
modified Reynolds equation with that generated by
ANSYS sof tware for a typical micro2slot ted plate.
The geomet ric parameters of t he plate are 2 a =
20μm ,2b = 4μm , H = 20μm , h = 2μm ,and L = 5mm ,
and t he number of slot s is 19. The damping force
coefficient found by t he modified Reynolds equa2
tion is cd = 3188×10 - 3 N/ (m·s) ,while t hat found
by ANSYS is cd = 3199 ×10 - 3 N/ ( m ·s ) . The
difference is small for p ractical applications. There2
fore ,t he modified Reynolds equation can be used to
calculate t he damping force coefficient for design
p urposes.

4　Conclusion

For the squeeze2film air damping of a slot ted
plate wit h a finite t hickness and finite lateral di2
mensions , a modified Reynolds equation is devel2
oped. To t he conventional Reynolds equation , an
additional term accounting for the effect of air
damping caused by airflow t hrough t he slot s is
added. The end effect of t he slot for t he airflow is
considered by replacing t he geomet ric t hickness of
t he plate wit h an effective t hickness. For t he two
ext remes ( including the conditions of finite plate
t hickness and infinitesimal plate t hickness) ,t he re2
sult s f rom t he modified Reynolds equation agree
with t he corresponding result s given by t he con2
ventional Reynolds equation. This validates t he
modified Reynolds equation. The modified Reyn2
olds equation will be a usef ul tool for t he design of
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many M EMS devices with slot ted plates.
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微机械槽板结构空气压膜阻尼的修正雷诺方程 3

孙远程1 　鲍敏杭1 ,­　杨　恒2 　黄宜平1

(1 复旦大学微电子学系 专用集成电路国家重点实验室 , 上海　200433)

(2 中国科学院上海微系统和信息技术研究所 传感技术国家重点实验室 , 上海　200030)

摘要 : 推导出了一个适用于槽板结构压膜空气阻尼的微分方程.该方程与传统雷诺方程的区别是在雷诺方程的左
边增加了一个用以表示气体从槽流出所引起的阻尼效应的修正项 ,并考虑了槽中有限气流通道长度的端头修正.

在适当的边界条件下 ,利用此方程可以求解槽板压膜阻尼的压强分布、阻尼力和阻尼力系数 .该槽板结构压膜空气
阻尼的微分方程对槽板的厚度和横向尺度没有限制 ,为分析有限尺寸和有限厚度槽板的压膜空气阻尼提供了一个
有用的方法 .

关键词 : 压膜空气阻尼 ; 微电子机械系统 ; 槽板 ; 雷诺方程
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