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Abstract : We conduct a t heoretical study on t he p roperties of a bound p olaron in a quantum well under an elect ric

f ield using linear combination op erat or and unita ry t ransf ormation met hods ,w hich are valid in t he w hole range of

elect ron2L O p honon coupling. The changing relations between t he ground2state energy of t he bound p olaron in t he

quantum well and t he Coulomb bound p otential , t he elect ric f ield st rengt h , and t he well widt h are derived. The nu2
merical results show t hat t he ground2state energy increases wit h t he increase of t he elect ric f ield st rengt h and t he

Coulomb bound p otential and decreases as t he well widt h increases .
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1　Introduction

In recent years , many t heoretical and experi2
mental investigations have been performed on the
issue of t he hydrogenic binding of an elect ron to a
donor imp urity confined wit hin a low2dimensional
heterost ruct ure[1～3 ] . Wit h t he presence of shallow
imp urities in this material , t he study of the elec2
t ronic and optical p roperties of imp urities in this
system has an important role ,and t he elect ric field
is an effective tool for st udying t he properties of
imp urities in a quantum well . The effect of an elec2
t ric field on a donor in a quant um well has drawn
t he at tention of several aut hors. Kasapoglu et al . [ 4 ]

calculated variationally t he ground state binding
energy of a hydrogenic donor or imp urity in a
quant um well in the p resence of cro ssed elect ric
and magnetic fields applied tilted at an angle to the
layers by using an appropriate coordinate t ransfor2
mation. Kasapoglu et al . [5 ] comp uted the binding
energies of shallow donor imp urities in differently
shaped quant um wells under an applied elect ric
field using a variational met hod. Liu et al . [6 ] calcu2
lated t he ionization energy of a bound polaron con2
fined to general step quant um wells in t he p resence
of an elect ric field using a variational met hod.
Huang et al . [7 ] calculated t he ground state energy
of an imp urity by means of t he LL P transformation

in Ⅲ2Ⅴand Ⅱ2Ⅵ quant um wells under elect ric
fields. Aktas et al . [8 ] studied t he ground state bind2
ing energy of a hydrogenic imp urity in a coaxial cy2
lindrical quant um well wire system subjected to an
external elect ric field applied perpendicular to t he
symmet ry axis of t he wire system wit hin a varia2
tional scheme. Li [9 ] st udied t he effect s of an elect ric
field on the subbands and binding energies of
hydrogenic imp urities in a GaAs2GaAlAs quant um
well using t he effective mass approximation. Many
aut hors have st udied t he properties of donor imp u2
rities in quant um wells under an elect ric field.
However ,t he linear combination operator and uni2
tary t ransformation met hods have seldom been
used.

In t his paper ,we calculate t he ground state en2
ergy of a bound polaron in a quant um well under an
elect ric field using t he linear combination operator
and unitary t ransformation met hods. We obtain t he
explicit dependence of the ground state energy of
t he bound polaron on t he well widt h , t he elect ric
field st rengt h ,and t he Coulomb bound potential .

2　Theory

We consider a Q W in a polar semiconductor in
t he range of | z | ≤L wit h infinite2height barrier
material filling in t he space in t he region | z | > L .
There is an elect ron coupled to a Coulomb imp urity
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located at t he center of t he well and interacting
with the confined bulk LO2p honons and t he elect ric
field along t he z direction. U sing a FrÊhlich2like
Hamiltonian for the elect ron and LO2p honon inter2
action ,t he total Hamiltonian of t he system[10 ] is

H = He + HL O + He2LO + eFz (1)

He = -
∂2

2 m
¨2 + U ( z) + V ( z)

U ( z) =
∞, 　| z | > L

0 , 　| z | ≤L
, 　V ( z) = -

e2

4πK0ε∞ r

(2)

HL O = ∑
w

∂ωL a +
w a w (3)

He2L O = ∑
w

Q w ( a w + a +
- w) e iw·r (4)

where t he spin effect s are ignored. Here , K0 is t he
permit tivity of f ree space , m ,ωL a re t he ba nd mass

a nd t he L O2p honon f reque ncy , resp ectively. The

vect or r = (ρ, z) is t he po sition of t he elect ron ,and
F is t he elect ric field st rengt h. In Eqs. (3) and (4) ,
a +

w , a w are t he p honon annihilation and creation
operators ,respectively. In Eq. (4) ,

Q w =
∂ωL

w
∂

2 mωL

1/ 4 4πα
V

1/ 2

(5)

where

α =
e2

4πK0 ∂
m

2∂ωL

1/ 2 1
ε∞

-
1
ε0

(6)

whereε0 andε∞ are t he static and high2f requency
dielect ric constant s , respectively ,αis t he FrÊhlich
coupling constant ,and V is t he volume of t he semi2
conductor .

We expand t he Coulomb bound potential in a
series as follows :

1
r

=
4π
V ∑w

1
w2 exp ( - iw·r) (7)

　　Following Huybrecht s , we also int roduce the
linear combination of t he creation and annihilation
operators b+ and b to rep resent t he momentum and
position of t he elect ron in t he x2y plane :

p j =
m ∂λ

2

1/ 2

( b j + b+
j )

ρj = i
∂

2 mλ

1/ 2

( b j - b+
j ) , 　j = x , y

[ b j , b+
j ] =δij

(8)

Here ,λis t he vibration f requency ,which is a varia2
tional parameter . We substit ute Eq. ( 8 ) into
Eq. (1) and t hen carry out t he unitary t ransforma2
tions

U1 = exp - i∑
w

w·ρa +
w aw

U2 = exp ∑
w

( f 3
w a +

w - f w aw )
(9)

where f 3
w , f w are t he variational parameters. We

can easily obtain

H′=
∂λ
2 ∑j b+

j b j + 1 + ∑
w

∂ωL +
a2 ∂2 w2

2 m
×

( a +
w + f 3

w ) ( a w + f w ) +
∂λ
4 ∑j ( b+

j b +
j + b j b j ) +

P2
z

2 m
+ ∑

w

( Q 3
w ( a +

- w + f 3
- w + a w + f w ) exp (iωz z) -

∂λ
2 m

2

∑
w
∑

j

∂ w j ( b+
j + b j ) ( a +

w + f 3
w ) ( aw + f w ) -

∑
w

4πe2

Vε∞w2 exp -
∂

4 mλ
w2

exp ( - iωz z) ×

exp - ( ∂
2 mλ

) 2 ∑
j

w j b +
j exp ( ∂

2 mλ
) 2 ∑

j

w j b j +

eFz + U ( z) (10)

H″1 =
1

2 m ∑w ∑w′ ∂2 ( a +
w + f 3

w ) ( a +
w′ + f 3

w′) ×

( aw + f w ) ( a w′ + f w′) w·w′ (11)

Equation ( 11 ) describes t he interaction between
p honons of different wave vectors in t he recoil
p rocess when neglecting t he recoil energy.

In t he following variational calculations , we
assume a low2temperat ure limit ,i . e. t he zero2p ho2
non state ,and we choose t he ground wave2f unction

|ψ〉=Φ( z) | 0〉 (12)

where | 0〉is t he zero2p honon state of t he p honon
field ,andΦ( z) describes t he z2direction wave f unc2
tion in an infinite one2dimensional square well ,
which is given by[11 ]

Φ( z) =

N (β) exp [ - β( z/ L + 1/ 2) ]cos (πz/ L ) ,

　　　　　　　　　　　　| z | < L / 2
0 , 　| z | µ L / 2

(13)

whereβ is a variational parameter determined by
minimizing t he total energy ,and N (β) is t he nor2
malization constant which is easily obtained by t he
relation

N2 (β) = 4β(β2 +π2 ) [ Lπ2 (1 - e - 2β) ] - 1 (14)

Thus we obtain t he expectation value of system as

E =〈ψ| H′| ψ〉=
∂λ
2

+

∑
w

∂ωL + ∂2 w2

2 m
| f 3

w | 2 + ∑
w

( Q w ( f w + f 3
- w ) ) -

∑
w

4πe2

Vε∞w2 exp -
∂

4 mλ
w2

+

〈Φ( z) |
P2

z

2 m
+ eFz | Φ( z)〉 (15)

887
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U sing the variational met hod ,we get

f 3
w = -

Q w

∂ωL +
∂2 w2

2 m

(16)

Substit uting Eq. (18) into Eq. (17) ,we have

E(λ,β) =
∂λ
2

- ∂ω0α- β0 λ+
∂2 (π2 - β2 )

2 mL 2 +

| e| FL
1
2β

+
β
β2 +π2 -

1
2

cot hβ (17)

where

β0 =
e2

2 K0ε0π2
mπ
∂

Performing t he variation of E(λ,β) wit h respect to
λ,β,we obtain

λ =
β0
∂

(18)

F =
- β∂2

meL 3 -
1

2β2 +
π2 - β2

(π2 +β2 ) 2 +
2e - 2β

(1 - e - 2β) 2

(19)

Substit uting Eqs. (18) and (19) into Eq. (17) ,we
finally obtain t he ground state energy of a weak2
coupling bound polaron in a quant um well wit hin
an elect ric field ,i . e.

E0 = -
β2

0

2∂
-α∂ω0 + | e| FL

1
2β

+
β
β2 +π2 -

1
2

cot hβ +

(π2 - β2 ) ∂2

2 mL 2 (20)

3　Results and discussion

We numerically calculate t he ground state en2
ergy of a weak2coupling bound polaron in a GaAs
quant um well with an applied longit udinal elect ric
field. The corresponding parameters for GaAs[ 12 ]

are :ε0 = 12183 ,ε∞ = 1019 , ∂ω0 = 3617meV , m =
01067 m0 , where m0 is t he f ree elect ron mass , and
t he elect ron2p honon coupling constant isα= 01067 .

Figures 1 and 2 describe t he variation of the
ground state energy of t he weak2coupling bound
polaron versus t he elect ric field st rengt h wit h dif2
ferent Coulomb potentials and well widths. The
two figures clearly show t he influence of t he elec2
t ric field on the ground state energy. In Fig. 1 ,t he
ground state energy of t he bound polaron in the
well is plotted as a f unction of t he elect ric field
st rengt h for different Coulomb potentialsβ0 = 4 ,β0
= 5 and t he well widt h L = 10nm. This shows t hat
t he absolute value of the ground state energy of the
bound polaron increases monotonically wit h in2

creasing elect ric field st rengt h , and the two lines
are almost parallel . Figure 2 shows for t he well
widt hs L = 10nm and L = 15nm and the Coulomb
potential β0 = 4 t hat the absolute value of t he
ground state energy of t he bound polaron in t he
well also increases monotonically wit h t he increas2
ing of t he elect ric field st rength ,and changes rapid2
ly wit h elect ric field st rengt h in t he case of t he wi2
der well . For an elect ric field st rength of F = 0 ,t he
two lines almo st intersect , because if F = 0 t he
t hird term in Eq. (20) equals zero ,and t he value of
t he ground state energy is decided by t he ot hers.

Fig. 1 　Ground state energy E0 of the bound polaron

versus the elect ric field st rength F for two Coulomb po2
tentialsβ0 = 4 andβ0 = 5

Fig. 2 　Ground state energy E0 of the bound polaron

versus the elect ric field st rength F for two well widths

L = 10nm and L = 15nm

As shown in Figs. 3 and 4 ,there are significant
corrections to t he ground state energy of t he weak2
coupling bound polaron versus t he well widt h.
From Fig. 3 ,we can see that t he absolute value of
t he ground state energy decreases with increasing
well widt h L for different Coulomb potentialsβ0 =

987
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4 ,β0 = 5 and a given variational parameterβ= 70 . In
Fig. 4 , we also see t hat t he absolute value of the
ground state energy decreases wit h increasing well
widt h for two different variational parametersβ=
70 andβ= 30 . In Figs. 3 and 4 ,when t he well widt h
is small ,t he absolute value of t he ground state en2
ergy decreases sharply and finally becomes flat . In
Fig. 3 t he two curves almost coincide wit h each
ot her as t he well widt h reaches small values , and
when the well widt h is large ,t hey are almost paral2
lel . The reverse is t rue in Fig. 4 ,in which t he two
curves almost coincide wit h each other as the well
widt h becomes large.

Fig. 3 　Ground state energy E0 of the bound polaron

versus the well2width L for different Coulomb poten2
tialsβ0

Fig. 4 　Ground state energy E0 of the bound polaron

versus the well2width L for variational parameterβ

The dependence of t he ground state energy of
t he weak2coupling bound polaron in t he quant um
well on the variational parameter in t he wavef unc2
tion is given in Fig. 5 for different Coulomb poten2
tialsβ0 = 4 ,β0 = 5 and t he well widt h L = 10nm. It is

obvious t hat the absolute value of t he ground state

energy will rapidly become large as the variational
parameter increases.

Fig. 5 　Ground state energy E0 of the bound polaron

versus the variational parameterβ f or diff erent Cou2
lomb p otentials

We plot the values of the ground state energy
of t he weak2coupling bound polaron in t he quan2
t um well versus t he Coulomb potentialβ0 wit h dif2
ferent elect ric field st rengt hs : F = 1 ×107 , 4 ×
107 V/ m and t he well widt h L = 10nm ,as shown in
Fig. 6. We observe t hat t he absolute value of t he
ground state energy increases as t he Coulomb po2
tentialβ0 increases for a given elect ric field. From
Eq. (18) ,we can see t hat the vibration f requency is
p roportional to t he square of t he Coulomb potential
β0 , so t he influence of t he vibration f requency on
t he ground state energy becomes st ronger .

Fig. 6 　Ground state energy E0 of the bound polaron

versus Coulomb potentialsβ0 f or diff e rent elect ric f ield

st rengt hs F

4　Conclusion

U sing t he linear combination operator and uni2
tary t ransformation met hods , we have calculated ,
t he ground state energy of a weak2coupling bound

097
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polaron in a quant um well under an elect ric field a2
long t he z direction. We obtained t he explicit de2
pendence of t he ground state energy of t he bound
polaron on t he well widt h , t he elect ric field
st rengt h ,and t he Coulomb bond potential , respec2
tively. The ground2state energy increases wit h the
increase of t he elect ric field st rengt h and the Cou2
lomb potential ,and it decreases as t he well widt h
increases.
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电场中束缚极化子 3

陈伟丽　肖景林­
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摘要 : 采用线性组合算符及幺正变换方法研究了电场对量子阱弱耦合束缚极化子的性质的影响.推导出量子阱中
束缚极化子的基态能量和库仑束缚势、电场和阱宽的变化关系.数值计算结果表明 ,基态能量因电场和库仑束缚势
的不同而不同 ,随电场和库仑束缚势的增大而增大 ,随阱宽的增大而迅速减小.
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