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Abstract: The ground-state energy and the average number of virtual phonons around the electron of a hydrogenic

impurity confined in a parabolic quantum dot are calculated using the squeezed-state variational approach, which is

based on two successive canonical transformations and uses a displaced-oscillator type unitary transformation to

deal with the bilinear terms,which are usually neglected. Numerical calculations are carried out in order to study

the relation between the ground-state energy and the average number of virtual phonons around the electron of a

bound polaron in a parabolic quantum dot with the Coulomb binding parameter. The electron-phonon coupling

constant and the confinement length are derived.
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1 Introduction

Recent technological advances in the fabrica-
tion of nano-structures have stimulated both ex-
perimental and theoretical interest in low-dimen-
sional systems. During recent decades, great pro-
gress in epitaxial crystal growth techniques has
made it possible to fabricate quasi-zero-dimen-
sional (QOD) structures, with very low back-
ground impurity concentrations. This has led to
much intensive study on these low-dimensional
systems because of their potential device applica-
tions. Due to the reduction of the dimensionality
of systems from 3D to QO0D, electron-phonon in-
teractions have more pronounced effects than in
bulk materials. The interaction of an electron with
an LO-phonon in such quantum dots has been in-
vestigated by many authors’*'. Moreover, many
investigations have been devoted to the problem
of an electron bound to a hydrogenic impurity
using various methods"™’ .

A recent work'" studied the polaronic correc-
tion to the ground- and the first-excited state en-
ergy of an clectron interacting with optical-pho-
nons by a variational approach with a squeezed-
state. Another recent work™' studied the ground-
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state binding energy of an impurity magnetopol-
aron in a parabolic quantum dot (QD) using the
squeezed-state variational approach. However,
there have been few investigations on the proper-
ties of a bound polaron in a parabolic QD by using
the squeezed-state variational approach.

In this paper, the unitary transformation
scheme is developed to diagonalize the well-
known Hamiltonian describing an impurity polar-
on confined in a 3D parabolic QD. Our variational
approach is based on two successive canonical
transformations. One is a displaced-oscillator type
unitary transformation to diagonalize the relevant
Frohlich Hamiltonian, and the other is a single-
mode squeezed-state transformation, which is used
to deal with the bilinear terms of phonon creation
and annihilation operators arising from the first
transformation. The ground-state energy and the
average number of virtual phonons around the
electron of weak- and strong-coupling bound po-
larons in a QD with a parabolic Coulomb boun-
ding potential are calculated.

2  Theory

We assume the confining potential in a single
QD is parabolic V(r) = m” wj r*/2 with the Cou-
lomb bounding potential V(r) = — e’ /e.. r* ,where
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m " is the bare band mass,r is the coordinate vec-

tor of the three-dimensional QD, p is the moment
operator of the electron, and w, is the confine-
ment strength of the QD. An impurity polaron in
a 3D parabolic QD potential is described by the
Frohlich Hamiltonian.
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Here b, (b,) is the creation (annihilation) opera-
tor of an optical phonon,and
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The phonon displacement is given by F, (r) =
fqoexpl —i(1 = X)q * r]. The first step is to carry
out a unitary transformation of displaced-oscilla-
tor type:

U, = exp{ >)[F, (0b, - F,(nb; 1} (3

After diagonalizin;g the phonon-related part of the
Hamiltonian,we can easily obtain H=U'HU, =
H.+ H,+ H, + Hy,each term of which is respec-
tively given by
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The second step is to introduce the single-mode
squeezed-state transformation:
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q

After the second transformation under U, , H, and

U, = exp

H, are straightforward, and the non-vanishing
contribution to H, is found to be Hz,using the

Fourier expansion % = 477[ 2 %exp( —ig e,
q

We then have
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VF; (r)VF, (r)]sinhG,coshG, (6)

The final Hamiltonian is H = Hy + H, + H,.

We choose the trial wave-function in the
ground-state by the variational method of Pekar
type to be | ¥) = [ r)@|0)pnswhere | 0)py is the
phonon vacuum state. The electron part of the tri-
al wave-function is now written as

O(r) = (7)/—>Zt:xp|:— 7 r /2] %)
7T

By minimizing the expectation value of the Ham-

iltonian.that is E, = (¥| H'| ¥) . we obtain
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where = ? /% is the Coulomb binding parame-

ter and ¢(Ag) = (exp(iAg * r)),(:-+) denotes the ex-
pectation value with respect to electronic coordi-
nates,and A =1 and A =0 are equivalent to the re-
sults of the strong- and weak-coupling regimes:

(1 =07 |f*
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After inserting Eq. (9) into Eq. (8),we obtain f,
and G, by using the variational techniques,

v
fo = TR s(AQ)
hoy + LA g6,
G, = +tanh' J,/H, (10)

where F(q,A; G,) =cosh 2G, —5(2Aq)sinh2G, .

3 Results and discussion

We comment on a particular form of Eq. (8),
the of vanishing G,
F(g,x;0). Using the variational techniques, we
have the variational parameter y=7,.Choosing in

in limit and obtain

:wLO :1 and l() =
vh /m”w, which is the effective confinement

the usual polaron unitsh =2m”*
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Fig.1 Weak-coupling bound polaron ground-state en-
ergy L, in a parabolic quantum dot as a function of the
confinement length /, for ¢ =0.5,3=0.5 and 0. 8

length, the ground-state energy E, can be easily
obtained. The average number of virtual phonons
around the electron is easily calculated as

N =<(w|U;'U"D>bjbU U, | ¥
q
[ as /1 = O

= < /2 (11)
[ *a}’o’ /1 = 1
T

The numerical results of the dependence of
the ground-state energy and the average number
of virtual phonons around the electron on the
confinement length, the electron-LO-phonon cou-
pling constant,and the Coulomb binding parame-
ter are presented in Fig. 1 to Fig. 3.

Figure 1 shows the ground-state energy of a
bound polaron in the electron-LO-phonon weak-
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Fig. 2  Strong-coupling bound polaron ground-state
energy E, in a parabolic quantum dot as a function of
the confinement length I, for «=5,3=0.5 and 0.8
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Fig.3 Average number of virtual phonons N around
the electron in the ground-state in a parabolic quantum
dot as a function of the confinement length for a =5
and 8,3=0.5 and 0. 8 of strong-coupling limit

coupling case as a function of the confinement /,
for « = 0.5,8=10.5 and 0. 8. From it we can see
that the ground-state energy increases rapidly as
the confinement length decreases. This result is in
agreement with the results of Chen et al.'™,
which is obtained by using the Feynman-Haken
path-integral approach, and of Chen'', which is
obtained by using the linear combination operator
and unitary transformation methods. We also see
that at the same value of confinement length, the
larger Coulomb binding parameter f3is.the smaller
the ground-state energy is. Figure 2 displays the
ground-state energy of the bound polaron versus
the confinement length for « =5,3=0.5 and 0. 8
in the electron-LO-phonon strong-coupling case.
From Fig. 2, it can be seen that the ground-state
energy increases with decreasing confinement
length. This result is in agreement with the result
of Chen et al.", which was obtained by using
the variational path integral theory. At the same
confinement length,the larger the Coulomb bind-
ing parameter (3 is,the smaller is the ground-state
energy. Figure 3 presents the average number of
virtual phonons around the electron as a function
of the confinement length for different electron-
LO-phonon coupling constants and different val-
ues of the Coulomb binding parameter 3 in the
electron-LO-phonon strong-coupling case. It is
shown that the average number of virtual phonons
around the electron decreases with increasing con-
finement length. The result is in agreement with
the result of Wang et al ., which is obtained by
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using the linear combination operator and unitary
transformation methods. At the same value of
confinement length and the same value of elec-
tron-LO-phonon coupling constant, the larger the
Coulomb binding parameter g is, the larger is the
average number of virtual phonons around the
electron. At the same values of confinement
length and Coulomb binding parameter j3,the lar-
ger the electron-LO-phonon coupling constant is,
the larger is the average number of virtual pho-
nons around the electron. The average number N
is a fixed value when the electron-LO-phonon
coupling constant « is fixed,and it is independent
of the other parameters according to Eq. (11)
within the range of electron-phonon weak-cou-
pling. The thermal motion energy which takes
phonons as a medium and the interaction between
the electron and phonons become more intense
with decreasing confinement length C(increasing
wo) »that is,with decreasing r. This is because the
range of the particle’s motion becomes smaller.
As a result, the ground-state energy and the aver-
age number of phonons of the bound polaron all
increase. This is attributed to interesting quantum
size effects. For a given confining potential, the
larger the electron-LO-phonon coupling strength
is,the larger are the ground-state energy and the
average number of phonons of the bound polaron.
Then the polarization of the quantum dot is
strengthened. From what has been discussed a-
bove,it is clear that the polarization of the quan-
tum dot cannot be omitted. These results indicate
that our method agrees with other methods and
the ground-state energy and the average number
of virtual phonons both have corrections consider-
ing the effects of the quadratic terms. It is shown
that the effects of the quadratic terms that we
have often omitted are very important and should

be taken into account in researching the size-de-
pendent physical properties of nano-structured
materials.
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