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Frequency of the transition spectral line of an electron in quantum rods�
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Abstract: The Hamiltonian of a quantum rod with an ellipsoidal boundary is given after a coordinate transformation
which changes the ellipsoidal boundary into a spherical one. We then study the first internal excited state energy, the
excitation energy and the frequency of the transition spectral line between the first internal excited state and the ground
state of the strong-coupling polaron in a quantum rod. The effects of the electron–phonon coupling strength, the aspect
ratio of the ellipsoid, the transverse radius of quantum rods and the transverse and longitudinal effective confinement
length are taken into consideration by using a linear combination operator and the unitary transformation methods. It is
found that the first internal excited state energy, the excitation energy and the frequency of the transition spectral line are
increasing functions of the electron–phonon coupling strength, whereas they are decreasing ones of the transverse radius
of quantum rods and the aspect ratio. The first internal excited state energy, the excitation energy and the frequency of
the transition spectral line increase with decreasing transverse and longitudinal effective confinement length.
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1. Introduction

Semiconductor quantum rods or nanorods are colloidal
quantum dots with strong radial confinement and variable
lengthŒ1; 2�. Ever since the shape controlled colloidal quan-
tum rod was realized in experiments by modifying the synthe-
sisŒ2; 3�, it has become a major subject of interest because of the
freedom it offers in material tailoring and its much wider ap-
plication ranges, such as biological labelingŒ4; 5� and optoelec-
tronic devicesŒ6�. Its novel electronic structures, optical prop-
erties, and linearly polarized emission have become a hot field
of investigation in quantum functional devices. Many investi-
gators have studied the properties of quantum rods in many
aspects by a variety of theoretical and experimental meth-
odsŒ7�14�. Katz et al.Œ15� used the combined optical and tun-
neling spectroscopy method to investigate the electronic level
structure of CdSe quantum rods, and showed its dependence on
rod length and diameter. Li and XiaŒ16� investigated the elec-
tronic structure and optical properties of a wurtzite quantum
rod in the framework of the effective-mass envelope-function
theory. The high energy exciton states of large CdSe quantum
rods, including spin-orbital coupling and screened electron-
hole Coulomb interaction, were calculated by Li et al.Œ17�, us-
ing the plane-wave pseudopotential method. Zhang et al.Œ18�

introduced a theoretical model in the framework of the eight-
band effective-mass approximation in the presence of an exter-
nal homogeneous magnetic field to investigate the electronic
structure, optical properties and electron g factors of GaAs
quantum rods. The interaction between electron–electron and
electron–hole pairs in semiconductor nanorods embedded in
dielectric media was investigated by Climente et al.Œ19� using a
configuration-interaction method . The experimental data were
compared by Talaat et al.Œ20� to that calculated using two the-

oretical models, i.e., the effective mass approximation and the
semi-empirical pseudopotential method. The theoretical val-
ues for the energy band gap at varying radii are in agreement
with the experimental results within 0.08 eV. Using the linear-
combination operator and unitary transformation methods, the
properties of the weak-coupling polaron in a quantum rod have
been studied by usŒ21�. The properties of the excited state of a
polaron in quantum rods, however, have not been studied so
far by employing the linear-combination operator method.

In the present paper, we investigate the effects of the ellip-
soid aspect ratio, the electron–phonon coupling strength, the
transverse radius of quantum rods and the transverse and lon-
gitudinal effective confinement length on the first internal ex-
cited state energy, the excitation energy and the frequency of
the transition spectral line of a strongly-coupled polaron in a
quantum rod by using the linear-combination operator and uni-
tary transformation methods. It should be noted that as long as
the boundary potential of the quantum rod is transformed from
the ellipsoidal form into a spherical one, we can conveniently
use the linear-combination operator in the framework of the
effective-mass approximation to calculate the relevant physi-
cal quantities, and do not have to use the boundary condition
of the electron functions.

2. Theoretical model

The electron under consideration is moving in a polar crys-
tal quantum rod with three-dimensional anisotropic harmonic
potential, and is interacting with bulk LO phonons. The Hamil-
tonian of the electron–phonon interaction system in the quan-
tum rods can be written as Eq. (1).
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wherem is the bandmass, and!k and!z are the measure of the
transverse and longitudinal confinement strengths of the three-
dimensional anisotropic harmonic potential in the xy plane and
the z direction, respectively. aC
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For quantum rods, the boundary condition is different from
that of spherical quantum dots. In order to transform our bound-
ary condition into a spherical one, which has a better sym-
metrical characteristic, we introduce a coordinate transforma-
tionŒ16�. The transformation is x0 D x, y0 D y, z0 D z=e0,
where e0 is the aspect ratio of the ellipsoid, .x; y; z/ is the
actual coordinate, and .x0; y0; z0/ is the transformed one. The
electron–phonon system Hamiltonian in the new coordinate is
changed as follows:
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We introduce a linear combination operator:
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where � is the variational parameters. Inserting Eq. (4) into
Eq. (3), we then carry out the unitary transformation to Eq. (3):
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; (5)

where fq.f �
q / is the variational function. The ground- and first

internal excited-state wave function of the system is chosen as

j	0i D j0iaj0ib; (6)

j 1i D j0iaj1ib; j1ib D bC
j0ib; (7)

where j0ib is the vacuum state of the b operator, and j0ia is the
unperturbed zero-phonon state. We now obtain

F0

�
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Performing the variation ofF0.�; fq/with respect to � and
fq, we obtain the ground state energyE0 of the strong-coupling
polaron.

The expectation value of Eq. (3) with respect to j 1i can
be expressed as

F1
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If we choose the usual polaron unit („ D 2m D !LO D

1), using the variational method, the first internal excited state
energy of the strong-coupling polaron in a quantum rod can be
written as
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A.e0/ is written as
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where lp D
p

„=m!k0 , lv D
p

„=m!z0 are the transverse
and longitudinal effective confinement lengths, respectively.
If E0 and E1 denotes the energies of the ground- and first in-
ternal excited-state, respectively, then the excitation energy of
the strong-coupling polaron in a quantum rod is given by
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The frequency of the transition spectral line between the
first internal excited state and the ground state of the strong-
coupling polaron in a quantum rod can be expressed as
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3. Numerical results and discussion

Now we perform numerical calculations to show the effect
of the electron–phonon coupling strength ˛, the aspect ratio e0

of the ellipsoid, the transverse radius R of quantum rods and
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Fig. 1. Relational curves of the first internal excited state energy E1

with the electron–phonon coupling strength ˛ and the aspect ratio e0

of the ellipsoid for fixed lp D 4 and lv D 2.
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Fig. 2. Relational curves of the frequency ! of the transition spectral
line with the electron–phonon coupling strength ˛ and the aspect ratio
e0 of the ellipsoid for fixed lp D 4 and lv D 2.

the transverse and longitudinal effective confinement length lp
and lv on the polaron’s first internal excited state energy E1,
the excitation energy �E and the frequency ! of the transi-
tion spectral line between the first internal excited state and
the ground state.

Figures 1 and 2 show the relationship between the first in-
ternal excited state energy E1 and the frequency ! of the tran-
sition spectral line of the strong-coupled polaron in a quantum
rod varying with the electron–phonon coupling strength ˛ and
the aspect ratio e0 of the ellipsoid for fixed lp D 4; lv D 2,
respectively. From the two figures we can see that they will
increase with increasing electron–phonon coupling strength
˛. This is because the larger the electron–phonon coupling
strength is, the stronger the electron–phonon interaction is.
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Fig. 3. Relational curves of the first internal excited state energy E1

with the transverse radiusR of quantum rods for fixed lp D 2; lv D 3,
L D 5:5 and ˛ D 4.
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Fig. 4. Relational curves of the frequency ! of the transition spec-
tral line with the transverse radius R of quantum rods for fixed lp D

2; lv D 3, L D 5:5 and ˛ D 4.

Therefore, it leads to the electron energy increment and makes
the electrons interact with more phonons. As a result, the first
internal excited state energy and the frequency of the transition
spectral line of the strong-coupling polaron are all increased.
From the two figures we can also see that the first internal ex-
cited state energy E1 and the frequency ! of the transition
spectral line are decreasing functions of the aspect ratio e0.
These results are in agreement with those of Refs. [16, 17, 22].
For ellipsoidal quantum rods, we can define the aspect ratio of
the ellipsoid as e0 D L=2R, where L and R are the longitu-
dinal length and the transverse radius of the rod, respectively.
With the increase of e0, that is, by increasing the longitudinal
length L of the rod, the electron thermal motion energy and
the interaction between the electrons and the phonons, which
take the phonons as the medium, are reduced because of the
larger motion space of the particles. As a result, the first in-
ternal excited state energy and the frequency of the transition
spectral line of the polaron are all decreased with increasing e0.
This result is similar to that of the quantum wire case, which
was obtained in Ref. [23]. Conversely, with the decrease of the
aspect ratio e0, the electron thermal motion energy and the in-
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Fig. 5. Relational curves of the first internal excited state energy E1

with the transverse and longitudinal effective confinement length lp
and lv for fixed a D 4:0; e0 D 1:4.

teraction between the electrons and phonons are enhanced be-
cause of the smaller particle motion space. Correspondingly,
the first internal excited state energy and the frequency of the
transition spectral line are all increased, due to the interesting
quantum size effects. This result is also similar to that of the
quantum well case in Ref. [24].

Figures 3 and 4 show the relationship between the first in-
ternal excited state energy E1 and the frequency ! of the tran-
sition spectral line as a function of the transverse radius R of
quantum rods for lp D 2; lv D 3, L D 5:5; ˛ D 4 respec-
tively. From the two figures we can see that they will decrease
on increasing the transverse radiusR of quantum rods.With the
decrease of the transverse radiusR, the thermal motion energy
of the electrons and the interaction between an electron and
the phonons, which take phonons as the medium, are enhanced
because of the smaller range of particle motion. As a result of
it, the first internal excited state energy and the frequency of
the transition spectral line of the polaron are all increased. This
result is in agreement with that of Ref. [15].

Figures 5 and 6 depict the first internal excited state en-
ergy E1 and the frequency ! of the transition spectral line as
functions of the transverse and longitudinal effective confine-
ment length lp and lv for fixed a D 4:0; e0 D 1:4, respec-
tively. From the two figures we can see that they will increase
with decreasing transverse and longitudinal effective confine-
ment length lp and lv. From the expressions of lp D

p
„=m!k0

and lv D
p

„=m!z0 , we can see that the effective confine-
ment length lp and lv are reciprocal with the square root of the
confinement strength!k0 and!z0 , and then the first internal ex-
cited state energy and the frequency of the transition spectral
line will increase with increasing confinement strength. This is
because themotion of the electrons is confined by the confining
potential. With the increase of the confining potential (!k0 and
!z0 , that is, with decreasing �0 and z0, the thermal motion en-
ergy of the electrons and the interaction between the electrons
and phonons are enhanced because of the smaller particle mo-
tion range. As a result, the first internal excited state energy
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Fig. 6. Relational curves of the frequency ! of the transition spectral
line with the transverse and longitudinal effective confinement length
lp and lv for fixed a D 4:0; e0 D 1:4.

and the frequency of the transition spectral line of the polaron
are all increased. These can also be attributed to the interesting
quantum size effects.

From Eqs. (12) and (13), we can see that the relationships
between the frequency of the transition spectral line of the
strong-coupling polaron in a quantum rod varying with the
electron–phonon coupling strength, the aspect ratio of the ellip-
soid, the transverse radius of quantum rods and the transverse
and longitudinal effective confinement length are all the same
as the excitation energy.

In this paper only the interaction between the electron and
the LO phonon is considered. When the size of the structure
is small enough, the impact of the SO phonon on the polaron
should also be included, which is neglected here for the sake
of simplicity.

4. Conclusion

In conclusion, based on the linear combination operator
method, we have investigated the first internal excited state
energy, the excitation energy and the frequency of the transi-
tion spectral line of the strongly-coupled polaron in a quantum
rod. It is found that the first internal excited state energy, the
excitation energy and the frequency of the transition spectral
line are increasing functions of the electron–phonon coupling
strength, whereas they are decreasing ones of the transverse
radius of quantum rods and the aspect ratio. The first internal
excited state energy, the excitation energy and the frequency of
the transition spectral line increase with decreasing transverse
and longitudinal effective confinement length.
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