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Persistent spin currents in a triple-terminal quantum ring with three arms�
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Abstract: A new model of a triple-terminal quantum ring with three arms is proposed. We develop an equivalent
method for reducing the triple-terminal quantum ring to the double-terminal quantum ring and calculate the persis-
tent spin currents in this model. The results indicate that the persistent spin currents show behavior of nonperiodic
and unequal amplitude oscillation with increasing semiconductor ring size when the total magnetic flux is zero.
However, when the total magnetic flux is non-zero, the persistent spin currents make periodic equal amplitude os-
cillations with increasing AB magnetic flux intensity. At the same time, the two kinds of spin state persistent spin
currents have the same frequency and amplitude but the inverse phase. In addition, the Rashba spin-orbit interaction
affects the phase and the phase difference of the persistent spin currents. The average persistent spin currents relate
to the arm length and the terminal position as well as the distribution of the magnetic flux in each arm. Furthermore,
our results indicate that the AB magnetic flux has different influences on the two kinds of spin state electrons.
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1. Introduction

Taking advantage of spin properties, scientists improve the
existing quantum device performance adding new functions,
and manufacture a new generation of multifunctional spin-
tronic devices through revolutionizing electronsŒ1�3�. BerryŒ4�

first discovered the geometric phase in adiabatic cycliaction’s
Hamilton system, which provides a newmethod to study quan-
tum structures. The Berry phase can be interpreted as a holon-
omy associated with the parallel transport around a circuit
in a parameter space. The persistent currents induced by the
Berry phase in texturedmicroscopic rings were studied by Loss
et al.Œ5�. In recent years, the spin-orbit interaction (SOI) in low-
dimensional semiconductor structures has attracted much at-
tention due to its potential applications in spintronic devicesŒ6�.
The Rashba spin-orbit interaction (RSOI) is induced by struc-
ture inversion asymmetryŒ7�. The strength of the RSOI can be
tuned by external gate voltages or asymmetric doping. It pro-
vides us with a possibility to generate the spin current (SC)
electrically without ferromagnetic metal or a magnetic field.
In addition, the transmission properties of microscopic AB and
AC rings have been widely studiedŒ8�14�. Since the discovery
of the persistent current, there have been many studies on the
single ring, coupled ring, and connected ring structuresŒ15�17�.
This research discloses that the persistent current runs not only
in isolated rings but also in an AB quantum ring with multiple
armsŒ18; 19�.

In this paper, a new model of a triple-terminal quantum
ring with three arms is proposed. We develop an equivalent
method to reduce this kind of model to a double-terminal AB
ring. The properties of the persistent spin currents are inves-
tigated by using the new method. Our results further confirm

that the ABmagnetic flux and the Rashba spin-orbit interaction
have an important effect on the persistent currents.

2. Model and formula

The model studied in this paper is a one-dimensional (1D)
triple-terminal quantum ring with three arms, as shown in
Fig. 1. The electron enters from the left terminal and goes out
from the upper and the right terminal. Here, '0 D �', S and
M denote semiconductor and nonferromagnetic, respectively.
Considering the Rashba SOI, the Hamiltonian can be described
as

OHso D
˛

„
. O� � OP/k ; (1)

Fig. 1. One-dimensional (1D) triple-terminal quantum ring with three
arms. The relative position of the two leads is described by angle '0.
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where O� D
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are Pauli spin matrices and ˛ is

the RSOI parameter, whose range is (0.5–2.0) � 10�11 for an
InGaAs-based semiconductor quantum ring. The total Hamil-
tonian with RSOI can be written asŒ20�
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Here, m�
s is the carrier effective mass, ˇ D 2˛m�

s =„2,
�r D cos'�i C sin'�j, ˚AB is AB magnetic flux, and �0 D

hc=e is quantum flux. The energy eigenvalues in the AB ring
can be obtained from Ref. [21] as
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�
1 � �

p
ˇ2 C 1

�
is the so-

called Aharonov-Casher phase. For a given energy, the quan-
tum numbers n�

�
.E/ D �

p
E C ˚� =2� D �kR C ˚� =2� ,

and the index � D ˙ refer to right and left movers, re-
spectively. The eigenvectors have the general form 	 �

n .'/ D

ein'�� .'/, and the mutually orthogonal spinors �� .'/ can be
expressed in terms of the eigenvectors of the Pauli matrix �k.
We study the quantum ring structure applying the 1D quan-
tum waveguide theory. When the distribution of the magnetic
flux in the upper arm and the lower arm are in common, if an
electron moves along the upper arm in the clockwise direction
from the left terminal at ' D 0 to ' D �=2 (see Fig. 1), it ac-
quires a phase ˚� =4 at the output terminal, whereas the elec-
tron acquires a phase�˚� =2 in the counterclockwise direction
along the lower arm when moving from '0 D 0 to '0 D � . In
addition, it acquires zero phase at the right terminal when the
electron moves along the middle arm. Assuming that the three
nonferromagnetic leads are all ideal conductors and neglecting
the scattering at the junctions, the functions in the upper and
lower as well as the middle arms of the ring can be written as
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�
. In addition, r, t and u denote the left,

the right and the upper metal lead, respectively, L and R
denote the left and the right quantum ring, A and B denote the
upper and the lower arm of the identical ring, respectively, r�

is the spin-dependent reflection coefficient, u� and t� are the
spin-dependent transmission coefficients, and km is the Fermi
wave vector for the electrons in the three nonferromagnetic

leads. Considering the spin rotation influence at the junction,
the current density becomes

J �
D Re

�
.	 � �� /

C

�
�i

@

@'
C

ˇ

2�

�
˚AB

�0

�
.	 � �� /

�
:

(11)
When the ring is connected to external leads, it is appropri-

ate to apply the Griffith boundary condition at the intersection.
Therefore, for '0 D �=2, the equations to be solved are
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where � D 2�kR D 2kL. � and kL are both physical quanti-
ties describing the quantum ring’s size on account of L D �R

D �=2k. Once t� and u� are obtained, the transmission prob-
abilities for the right and the upper output terminals can be ac-
quired from

T �
t D

kR
m

kL
m

jt� j
2 ; (18)
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m

kL
m

ju� j
2 : (19)

We now study the current flow in the ring. The total cur-
rent flow around a small energy interval is given by I � D

e
2�„

T � . For the double-arm quantum ring, the total current is
I � D I �

A C I �
B . It is noted that the current in the upper and

lower arm is I �
A D I � C I �

P and I �
B D �I �

P , respectively.
The current in each arm is generally different from the oth-
ers in the identical ring because of symmetry breaking via the
AB effect and of the unequal arm length. Therefore, we can
define the persistent spin currents in the double-arm ring as
I �
P D

�
I � �

ˇ̌
I �
A

ˇ̌
�

ˇ̌
I �
B

ˇ̌�
=2. In order to investigate the per-

sistent spin currents in each arm, we develop an equivalent
method as follows. Firstly, we take the upper lead and the right
lead as well as the right part of the upper arm as a whole, which
can be viewed as an equivalent junction. Then taking the total
currents in the ring as the sum of the currents in the upper lead
and the right lead (I � D I �

t CI �
u /, so the triple-terminal quan-

tum ring with three arms reduces to a double-terminal quantum
ring with three arms. Certainly, the new equivalent junction is
only an assumption. In fact, it is a whole structure taking up
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Fig. 2. Persistent spin currents as functions of kL=� in each arm with ˚� D 0 for (a) I �
ALP, '0 D �=2; (b) I �

ALP, '0 D 2�=3; (c) I �
ZP,

'0 D �=2; (d) I �
BP, '0 D �=2, where the solid and the dotted lines correspond to � D "; #, respectively.

space and the left part of the upper arm does not become longer
as well the right does not become shorter. Therefore, for the
same magnetic flux distribution, the persistent spin current in
each arm is not changed. If taking the middle and the lower
arm as an equivalent single armŒ18�, and neglecting the circling
current between the middle arm and the lower one, we can fur-
ther simplify the calculation of the persistent spin currents in a
triple-arm quantum ring as a double-arm quantum ringŒ18�.

By applying the boundary conditions at the junctions and
the conservation of the currents, we achieved a set of equa-
tions that can be solved, and the probability current density in
each arm is obtained. Assuming such probability current I � is
charged current corresponding to the probability current den-
sity J � , the probability current in the three arms can be written
as
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Here, I �
AL is the probability current in the left part of the up-

per arm. According to the conservation of the currents at the
junction, the effective probability current in the new equiva-
lent single arm can be defined as
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Assuming the total current flowing from the new junction is
I � D I �

t C I �
u , the probability current flowing from the left

part of the upper arm to the new junction is I �
AL. In addition,

I �
effA is the probability current flowing from the new equivalent

single arm to the new junction. We define the persistent spin
current in the left part of the upper arm as
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Using the same method, we can obtain the effective prob-
ability current I �

effZ and I �
effB as well as the persistent spin cur-

rents I �
ZP and I �

BP for the middle and the lower arms, as follows,
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However, the persistent spin current in the right part of the
upper arm cannot be calculated by using this kind of method,
because these two kinds of models are different in terminals.

3. Results and analysis

As shown in Fig. 2, the numerical results of the persis-
tent spin currents as functions of kL=� in each arm are pre-
sented with, ˚� D 0, and '0 is set to be (a) '0 D �=2;
(b) '0 D 2�=3; (c) '0 D �=2 and (d) '0 D �=2, respec-
tively. The persistent spin currents show nonperiodic unequal
amplitude oscillation with increasing semiconductor ring size.
But the distributions of the resonance peaks (see Fig. 2 upside
down) in every arm are almost same. This indicates that the
persistent spin current is a resonance phenomenon occurring
in the whole quantum ring, which only appears under specific
sizes. Affected by the size effect, the middle and lower arms
are different greatly in persistent spin current due to the differ-
ent arm length. In Fig. 2, it is evident that the whole vibration
curves for spin-up electrons coincide closely with spin-down
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Fig. 3. Persistent spin currents in the left part of the upper arm as functions of �AB for (a) '0 D �=2, ˇ D 0; (b) '0 D �=2, ˇ D 1:2; (c)
'0 D 2�=3, ˇ D 0 and (d) '0 D 2�=3, ˇ D 1:2, where the solid and the dotted lines correspond to � D "; #, respectively.

Fig. 4. Persistent spin currents in the lower arm as functions of �AB for (a) kL D 5� , ˇ D 0; (b) kL D 5� , ˇ D 1:2; (c) kL D 4:5� , ˇ D 0

and (d) kL D 4:5� , ˇ D 1:2, where the solid and the dotted lines correspond to � D "; #, respectively.

ones when the angle '0 changes. This can be expressed as fol-
lows. There is no spin exchange splitting energy in the metal
lead, so the two kinds of spin state electrons meet with the same
obstruction in the transmission process. In addition, when an-
gle '0 changes from '0 D �=2 to '0 D 2�=3, the number of
peaks for the left part of the upper arm increases because the
arm length becomes longer. Further, the average value of per-
sistent spin currents becomes larger in this case. It is clear that
the number of peaks for the left part of the upper arm is less
than that for the lower or middle arm. The amplitude of the
persistent spin current is lower too. This means that the aver-
age value of persistent spin current for the left part of the upper
arm is less than that of the lower or middle one. The reason is
that there exists an upper lead on the upper arm. This finding
may be helpful for the application design.

In order to further understand the persistent spin currents

in the left part of the upper arm, we present the persistent spin
currents in the left part of the upper arm as functions of �AB for
(a) '0 D �=2, ˇ D 0, (b) '0 D �=2, ˇ D 1:2, (c) '0 D 2�=3,
ˇ D 0 and (d) '0 D 2�=3, ˇ D 1:2, respectively. The nu-
merical results are plotted in Fig. 3. It is seen that the persis-
tent spin currents show periodic equal amplitude oscillations
with increasing AB flux intensity. Further, the two kinds of
spin state persistent currents have the identical amplitude and
the inverse phase. As is known, there is no spin exchange split-
ting energy in the nonferromagnetic, so each terminal makes a
similar contribution to the two kinds of spin state electrons,
which lead to the identical amplitude. However, the AB flux
has a different effect on the two kinds of spin state electrons
due to the spin orientation being parallel or antiparallel to the
external magnetic field. Comparing the small chart in Fig. 3(a)
against Fig. 3(b), we can see that the shapes and the height of
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Fig. 5. Persistent spin current in the middle arm functions of �AB for (a) '0 D �=2, ˇ D 0; (b) '0 D �=2, ˇ D 1:2; (c) '0 D 2�=3, ˇ D 0;
(d) '0 D 2�=3, ˇ D 1:2, where the solid and the dotted lines correspond to � D "; #, respectively.

the resonant peaks (see Fig. 3 upside down) for the two kinds
of persistent spin currents are the same, but the position of
the peaks shifts. These results indicate that the Rashba spin-
orbit interaction has an effect on changing the phase and the
phase difference of the two kinds of persistent spin currents.
Moreover, comparing the small chart in Figs. 3(a) and 3(b)
against Figs. 3(c) and 3(d), when '0 changes from '0 D �=2

to '0 D 2�=3, one can see the shape of the resonant peaks
becomes higher and fatter but the position shifts a little. This
indicates that when the upper terminal closes from left clock-
wise to the right terminal, the two kinds of average persistent
currents increase dramatically but the phase changes a little,
and the phase difference retains the former value.

Figure 4 shows the persistent spin currents in the lower
arm. Comparing the small chart in Figs. 4(a) and 4(b) with
Figs. 3(a) and 3(b), we can see that the average persistent spin
current in the lower arm is larger than that in upper one for the
lack of a terminal in it. Comparing the small chart in Figs. 4(a)
and 4(b) with Figs. 4(c) and 4(d), it can be found that the size
of the quantum ring has an effect on the amplitude and phase
of the two kinds of persistent spin currents, but it does not af-
fect the phase difference. From chart (a) and (c) in Figs. 3 and
4, we can also find that when the Rashba spin-orbit interac-
tion is absent, the two kinds of the persistent spin currents are
separate. This may be helpful for the ringed spintronic device
application design.

Figure 5 shows the persistent spin currents in the middle
arm as functions of �AB in the present of Rashba spin-orbit in-
teraction. It is obvious that the average persistent spin current
in the middle arm is larger than that in the lower arm, which is
caused by the different arm length and magnetic flux distribu-
tion in each arm. Further, changing angle has just a little effect
on the persistent spin current in the middle arm.

4. Conclusions

In summary, a newmodel of a triple-terminal quantum ring
with three arms has been proposed in this paper. By using a new

equivalent junction method, persistent spin current properties
are investigated. The results indicate that the persistent spin
currents show the behavior of nonperiodic and unequal ampli-
tude oscillation with increasing semiconductor ring size when
the total magnetic flux is zero. However, when the total mag-
netic flux is non-zero, the persistent spin currents make peri-
odic equal amplitude oscillations with increasing ABmagnetic
flux intension. The two kinds of persistent spin currents have
the same frequency and the same amplitude but the inverse
phase. The Rashba spin-orbit interaction concerns the phase
and the phase difference of the persistent spin currents. The
average persistent spin currents are related to the arm length
and the arm position as well as the distribution of the mag-
netic flux in each arm. Furthermore, our results indicate that
the persistent currents for the two kinds of spin state electrons
are separate and the AB magnetic flux has different influences
on them.
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