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Binding energies of shallow impurities in asymmetric strained wurtzite AlxGa1�xN/
GaN/AlyGa1�yN quantum wells�
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Abstract: The ground state binding energies of hydrogenic impurities in strained wurtzite
AlxGa1�xN/GaN/AlyGa1�yN quantum wells are calculated numerically by a variational method. The de-
pendence of the binding energy on well width, impurity location and Al concentrations of the left and right
barriers is discussed, including the effect of the built-in electric field induced by spontaneous and piezoelectric
polarizations. The results show that the change in binding energy with well width is more sensitive to the impurity
position and barrier heights than the barrier widths, especially in asymmetric well structures where the barrier
widths and/or barrier heights differ. The binding energy as a function of the impurity position in symmetric and
asymmetric structures behaves like a map of the spatial distribution of the ground state wave function of the
electron. It is also found that the influence on the binding energy from the Al concentration of the left barrier is
more obvious than that of the right barrier.
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1. Introduction

In recent years, a great deal of interest has been devoted
to the study of the impurity states in modulation-doped quan-
tumwell structures which have been widely used in high-speed
electronic devices. Some authorsŒ1�4� adopted a variational
method to calculate the ground state binding energies of hydro-
genic impurities in closely lattice matched GaAs/AlxGa1�xAs
quantumwells (QW) as functions of the well width and Al con-
centration. They showed that the binding energies of impuri-
ties, which are always assumed to be located at the center of
quantum well, are increased as expected by increasing the Al
concentration. On the other hand, a large group of authors also
paid attention to the problem of an off-center impurity and ob-
tained the change in binding energy with impurity position by
choosing a fixed wellŒ5�9�.

In the case of strained wurtzite GaN/AlGaN QW het-
erostructures, the effect of a large built-in electric field on
the physical properties of these structures has attracted con-
siderable interestŒ10�12�. As is known, the built-in electric
field is produced by the spontaneous and strain-induced piezo-
electric polarizations. It can change the band structures of
QWs and then shift the energy levels of carriers. Morel
et al.Œ10� presented a calculation of the donor binding energy in
GaN/AlxGa1�xN QWs, including the effect of internal elec-
tric field. The variations in binding energy versus well width
and impurity position are compared with and without built-in
electric field. By considering the interaction of electrons and
impurities with phonons, Shi et al.Œ11; 12� investigated theoreti-
cally the effects of built-in field on ionization energy of a bound
polaron in GaN/AlN QWs and also found that the built-in field

has a considerable influence on polaron energies. However, the
intensity of the field is taken as a constant F = 9.4 MV/cm. In
fact, the value of the field depends strongly on the thickness
and Al concentration of each layerŒ13�. It should be pointed out
that almost all of the authors ignored the discussion of the ef-
fects of surrounding barriers. They always chose the height and
width of each barrier as equal or assumed them to be infinite.

In this paper, the binding energy of shallow
donor impurities in modulation-doped strained wurtzite
AlxGa1�xN/GaN/AlyGa1�yN QWs with different well and
barrier widths, as well as different Al concentrations in barrier
layers, has been investigated.

2. Donor binding energy

We consider an AlxGa1�xN/GaN/AlyGa1�yN strained
QW with finite barriers to calculate the binding energies of
shallow donor impurities. The potential profile is given in
Fig. 1. The z axis is taken to be parallel to the c axis and the
x–y plane parallel to the interfaces. The coordinate origin is
chosen as the center of the well. Within the framework of ef-
fective mass and single-band approximations, the Hamiltonian
for an electron bound to a hydrogenic impurity can be written
as
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where m?

e and m==
e are the effective masses of the electron

parallel and perpendicular to the z direction, V is the barrier
heightŒ14� and F is the built-in electric field. � is the radial
component of the electron coordinate in the x–y plane. "(z,
z0/ is the static dielectric constant related to the position of the
electron and the impurity.

The Schrödinger equation for a free electron in the z di-
rection can be written as�
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The electron energy level E and wave function  (z/ can be
obtained simultaneously via a numerical procedure.

A one-parameter trial wave function in the x–y plane is
used to calculate the variational energy of the impurity state. It
follows as
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where � is the variational parameter.
Combining Eqs. (1) and (2) with Eq. (3), the variational

energy of the ground state impurity can be written as

Ed.�/ D h .�/j h .z/jHd j .z/i j .�/i : (4)

As a result, the binding energy of the ground state impurity can
be written as

Eb D Efree � min
�
Ed.�/; (5)

where Efree is the ground state energy of the free electron,
which can be obtained by repeating the above process but re-
moving the Coulomb potential in Eq. (1) and replacing Eq. (3)
by a plane wave function.

3. Strain effect

The modification of the strain effect on material para-
meters, such as the energy gap, effective mass of electron, di-
electric constant and polarization field, is taken into account.

In the well and barrier, the biaxial lattice-mismatch in-
duced strains are given by

�xx;j D �yy;j D
aeq � aj

aj

: (6)

From Hooke’s law, the uniaxial and biaxial strain tensor ratio
can be expressed by

�zz;j

�xx;j

D
c11;j C c12;j � 2c13;j

c33;j � c13;j

: (7)

In Eqs. (6) and (7), the subscripts j D w, lb and rb denote the
well, left barrier and right barrier, aj is the unstrained lattice
constant of the j -layer material. c11, c12, c13 and c33 are the
elastic constants. aeq is the equilibrium lattice constant shared
by all of the layers, which can be written asŒ15�

aeq D
awDwGw C albDlbGlb C arbDrbGrb

DwGw CDlbGlb CDrbGrb
; (8)

in which Dj is the width of the j -layer. Gj can be obtained
from

Gj D 2.c11;j C c12;j � 2c2
13;j =c33;j /: (9)

Modified by the strain effect, the energy gaps of each layer
material are given asŒ16�

Eg;j D E0
g;j C Œd1;j Cb1;j �2�xx;j C Œd2;j Cb2;j ��zz;j ; (10)

where d1;j ; d2;j ; b1;j and b2;j are the deformation potentials
in the j -layer. For the ternary mixed crystal AlxGa1�xN (cho-
sen as the left barrier) and AlyGa1�yN (chosen as the right
barrier), the energy gap is given as

Eg;lb.AlxGa1�xN/ D xEg;.GaN/ C .1 � x/Eg;.AlN/ � bx.1 � x/;

(11)
Eg;rb.AlyGa1�yN/ D yEg;.GaN/ C .1 � y/Eg;.AlN/ � by.1 � y/;

(12)
where b is the band-gap bowing coefficient, which is taken as
0.612 eVŒ17�.

The biaxial and uniaxial strain dependences of the effec-
tive masses of an electron in the z direction and the x–y plane
can be calculated by
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where E?;==
p is the k�p interaction energy defined in Ref. [18].

Otherwise, the static dielectric constant is also influenced
by the biaxial and uniaxial strain effect. It can be derived from
the Lyddane�Sachs�Teller relation
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where the frequencies of LO- and TO-phonons influenced by
strain can be written asŒ16�
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where Kxx;j and Kzz;j are the strain coefficients of phonon
modes given in Ref. [16].

The built-in electric field F due to the spontaneous and
piezoelectric polarizations is different in the well and barriers.
It follows as Œ13�
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(18)
where the fields in three layers satisfy the periodic boundary
condition

P
j Dw;lb;rb

FjDj D 0. Here, the total polarization in

each layer is
P tot

j D P
sp

j C P
pz

j : (19)

P
sp

j is the spontaneous polarization, and the piezoelectric po-
larization P pz

j is given asŒ13�

P
pz

j D 2e31;j �xx;j C e33;j �zz;j : (20)

Here, e31;j and e33;j are the piezoelectric constants.
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Fig. 1. Conduction band edge profile of an AlxGa1�xN/GaN/
AlyGa1�yN QW.

Fig. 2. Binding energy Eb as a function of the well width Dw for the
impurity located at the center of the well. The Al concentration and
barrier width of the left barrier are fixed as 0.3 and 3a0. The solid,
dashed and dot-dashed curves represent y = 0.3, Drb = 3a0, y = 0.3,
Drb = 4a0, and y = 0.2,Drb = 3a0, respectively.

4. Results and discussion

The calculated results are shown in Figs. 2–6.
The binding energy Eb as a function of the well widthDw

for the impurity located at the center of the well with fixed Al
concentration and barrier width of the left barrier is depicted
in Fig. 2. It can be seen that Eb first increases slowly to reach
a maximum, then decreases with decreasing well width in all
three cases. If the barriers are not symmetric, the influence on
Eb from the variation of the width of the right barrier is ob-
viously less than from the Al concentration, especially when
the well is narrower. This is due to the penetration of the elec-
tron wave function into the right barrier. Although the electron
wave function mainly locates in the left region of the well due
to the strong built-in electric field in the structure, it can pene-
trate a little into the right barrier layer because of the opposite
field in the barriers. But the depth of penetration is still small.
That is to say, the effect on Eb from the width of the right bar-
rier is comparably small. As the Al concentration of the right
barrier decreases, the corresponding potential height falls, and
then thewave function can easily penetrate into the right barrier

Fig. 3. Binding energy Eb as a function of the well width Dw for the
given barrier widths Dlb D Drb D 3a0 and impurity position z0 D

�0:5Dw; z0 D 0 and z0 D 0:5Dw. The solid, dot-dashed curves
represent x = 0.3, y = 0.3 and x = 0.3, y = 0.2 respectively.

resulting in an increase inEb. However, when the well width is
much larger, the electron wave function hardly penetrates into
the barriers and the influence from the variation of barriers can
be ignored.

We also plot the binding energy as a function of the well
width Dw when the impurity is located in different position in
Fig. 3. It is found that two curves are qualitatively same for the
impurity position z0 = 0 and z0 = 0.5Dw. However, the value
of Eb for the impurity located at the right interface is weaker,
especially in the narrower QW due to the larger average dis-
tance between the electron and the impurity. As the Al concen-
tration of the right barrier decreases, the potential height de-
creases correspondingly and Eb increases in both cases. This
is because of more penetration of the electron wave function
to the right barrier. If the impurity locates at the left interface
of the structure, Eb hardly changes as the well width becomes
much larger and the values of Eb are larger than those in the
previous two conditions. However,Eb for the impurity located
at the left interface in QW with x > y is smaller than that with
x D y for a large value of the well widths. When the well be-
comes wider, the probability of finding an electron on the right
side of the QW increases, then Eb decreases.

As seen in Fig. 4, the impurity binding energyEb as a func-
tion of the impurity position z0 behaves like amap of the spatial
distribution of the ground state wave function of the electron.
As the impurity shifts to the barrier region, the value of Eb be-
comes smaller since the Coulomb interaction between the elec-
tron and the impurity weakens. It is also found that the max-
imum point of Eb moves forward to the left side of the well
because the built-in electric field compels the electron to shift
to the left from the center of the well. When the Al concen-
tration of left barrier is less than that of the right barrier, Eb
decreases due to the greater probability of finding the electron
in the left barrier layer.

The influence of the Al concentration of different barriers
on the impurity binding energy Eb is shown in Figs. 5 and 6.
One can observe that the variation in Eb is dramatically de-
pendent on the impurity position. When z0 = 0 and 0.5Dw, Eb
decreases with increasing Al concentration of the right barrier,
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Fig. 4. Binding energyEb as a function of the impurity position z0 for
Dw D a0 andDlb D Drb D 4a0. The solid, dashed curves represent
x = 0.3, y = 0.3 and x = 0.2, y = 0.3 respectively.
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Fig. 5. Binding energy Eb as a function of the Al concentration of the
right barrier y for x = 0.3, Dw D a0 and Dlb D Drb D 3a0. The
solid, dashed and dot-dashed curves represent z0 = 0, z0 D �0:5Dw
and z0 = 0.5Dw, respectively.

while it increases with increasing Al concentration of the left
barrier. When z0 D �0:5Dw,Eb increases as the Al concentra-
tion increases in both cases. This is attributed to the distribution
of the electron wave function and the average distance between
the electron and the impurity. Due to the strong built-in elec-
tric field, the electron wave function almost resides near the
left interface and more easily penetrates into the left barrier.
Therefore, Eb is more sensitive to the Al concentration of the
left barrier and the distance of the impurity from the left inter-
face. It is evident thatEb is determined not only by the quantum
confinement of the well structure but also by the strong built-in
electric field which makes the Coulomb interaction stronger or
weaker decided by the relative position of the electron and the
impurity.

5. Summary

We have performed a variational calculation of the ground
state binding energies of hydrogenic impurities in strained
wurtzite AlxGa1�xN/GaN/AlyGa1�yN QWs by taking the
built-in electric field into account. The results show that the

Fig. 6. Binding energy Eb as a function of the Al concentration of the
left barrier x for y = 0.3,Dw D a0 andDlb D Drb D 3a0. The solid,
dashed and dot-dashed curves represent z0 D 0, z0 D �0:5Dw and
z0 D 0:5D, respectively.

change in binding energy with well width is more sensitive
to the impurity position and Al concentration than the barrier
widths, especially in asymmetric well structures where the bar-
rier widths and/or barrier heights differ. The binding energy as
a function of the impurity position in symmetric and asymmet-
ric structures behaves like a map of the spatial distribution of
the ground state wave function of the electron. It is also found
that the influence on the binding energy from the Al concen-
tration of the left barrier is more obvious than that of the right
barrier.
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