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Analytical Modeling of Threshold Voltage for Double2Gate MOSFET
Fully Comprising Quantum Mechanical Effects 3
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Abstract : The analytical solutions to 1D SchrÊdinger equation (in depth direction) in double2gate (D G) MOSFETs

are derived to calculate elect ron density and threshold voltage. The non2uniform potential in the channel is concerned

with an arbit rary depth so that the analytical solutions agree well with numerical ones. Then ,an implicit expression

for elect ron density and a closed form of threshold voltage are presented fully comprising quantum mechanical (QM)

effect s. This model predict s an increased elect ron density with an increasing channel depth in subthreshold region or

mild inversion region. However ,it becomes independent on channel depth in st rong inversion region ,which is in ac2
cordance with numerical analysis. It is also concluded that the QM model ,which barely considers a box2like potential

in the channel ,slightly over2predict s threshold voltage and underestimates elect ron density ,and the error increases

with an increasing channel depth or a decreasing gate2oxide thickness.

Key words : D G MOSFET ; 1D analytical QM solution ; non2uniform potential in channel2depth direction ; elect ron

density ; threshold voltage ; channel depth

PACC : 7340Q ; 6185 ; 0300

CLC number : TN304102 　　　Document code : A 　　　Article ID : 025324177 (2005) 0320429207

1 　Introduction

D G2MOSFET has been considered one of the

mo st p romising candidates for the channel lengt h

beyond 65nm regime[1～5 ] in place of current MOS2
FET due to t he elect rostatic concern ( i . e. , off2
state leakage current ) . Compact analytical model2
ing is t hus desirable in anticipation of technology

mat urity. Extensive works have been done on this

field[6～12 ] . However , t hey all focus on elect rostatic

analysis ,t hus ignoring quant um mechanical (QM)

effect s t hat are indispensable in the range of deca2
nano scale. In Ref . [ 13 ] ,QM effect s do be consid2
ered but a box2like potential in t he channel is as2
sumed ,which is insufficient for t he channel dept h

larger t han 10nm according to the comparison wit h

numerical simulation.

In t his work , t he analytical solutions to t he

eigen2energy levels are derived wit h t he considera2
tion of non2uniform potential in the channel . Then ,

an implicit exp ression for elect ron density and a

closed form of threshold voltage for D G2MOSFETs

are p resented f ully comprising QM effect s. The an2
alytical values of eigen2energy levels ,elect ron den2
sities ,and t hreshold voltages wit h arbit rary device

parameters agree well wit h the numerical result s.

2 　Analytical eigen2energies with non2
uniform potential

　　The st ruct ure of t he D G2MOSFET is depicted
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in Fig. 1. In our notation , t he channel dept h is d

and t he gate2oxide (both f ront and back) is tox . As

far as elect ron surface density or t hreshold voltage

is concerned , especially wit h the consideration of

QM effect s ,one may focus on 1D analysis along the

dept h direction , i . e. z2direction in Fig. 1 ( the

effect s along t he channel is not t he keystone this

paper addresses ,and there has been active work on

Ref s. [ 11 ,12 ]) . To calculate elect ron surface densi2
ty ,t he eigen2energy levels in t he potential well a2
long z2direction need to be obtained. According to

numerical simulations , t hey shif t wit h different

dept hs. In Fig. 2 ,two diagrams are plot ted qualita2
tively to show different sit uations of energy levels

in t he potential well with different dept hs. As it is

seen in t he figure , t he energy levels are above the

elect ric potential energy in t he well when t he chan2
nel is narrow. However , t hey go beneat h t he cen2
t ral point of t he elect ric potential energy wit h an

increasing dept h. Our task is to analytically calcu2
late t hese energy levels wit h an arbit rary dept h.

Fig. 1 　D G2MOSFET cross2section with p + poly2
silicon double2gate and n + drain/ source regions 　

The channel depth is d and the gate2oxide ( both

f ront and back) is tox . z is the direction along depth

while x is the direction along channel.

If t he assumption of a box2like potential in the

channel (ignoring the non2uniform potential ) and

infinitely high potential barriers at t he silicon/ ox2
ide interfaces along t he z2direction is made ,the fol2
lowing analytical solutions to energy levels , En, k ,

are derived

En, k squ = Ec0 +
n2π2 ∂2

2 m 3
z , k d2 (1)

Fig. 2 　Qualitative diagrams of energy levels in the

potential well along the depth direction 　A narrower

depth is assumed on the lef t while a wider depth is

on the right .

where n is t he quantum number , k refers to differ2
ent valleys of t he silicon conduction band ,‘squ’in2
dicates t he energy levels are for square potential

well , Ec0 is t he value of the cent ral point of poten2
tial well ,and m 3

z , k is t he effective mass along z2di2
rection of valley k with m 3

z ,1 = m 3
l = 01916 m0 and

m 3
z ,2 = m 3

t = 0119 m0 ( t he subscript 1 referring to

unprimed valley and 2 referring to p rimed valley

for a silicon crystal wit h〈100〉orientation , m 3
l t he

longit udinal mass , m 3
t t he t ransverse mass ,and m0

t he f ree elect ron mass) . This formula , however ,is

not sufficiently correct wit h a wide channel or a

high gate bias because under t hese sit uations t he

non2uniformity of the elect ric potential along t he

dept h cannot be neglected. Therefore , to make it

more practical ,t he first2order correction to t he en2
ergy levels using t he time2independent pert urbation

t heory is applied wit h a pert urbation potential en2
ergy δH = q2ρz 2 / 2εSi whereεSi is silicon permittiv2
ity andρ= - ( N e + N a - N d ) / d is t he average space

charge density wit hin t he potential well wit h N e

t he elect ron density per unit area , N a t he acceptor

density per unit area and N d t he donor density per

unit area. Thus ,we find first2order corrections[13 ]

δE n squ =
q2ρd2

24εSi
1 -

6
( nπ) 2 (2)

In Fig. 3 ,different energy levels ( n = 1 ,2) of differ2
ent valleys ( k = 1 ,2) are depicted against different
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channel dept h and in Fig. 4 t hey are depicted a2
gainst different average space charge density ( this

is equal to be under different gate bias) . Squared

symbols rep resent t he analytical solutions using

Eq. (1) plus Eq. (2) while round symbols stand for

numerical result s. As one can clearly see f rom the

figures , if t he channel is narrow ( approximately

narrower t han 15nm) or the space charge density is

low (approximately lower t han 1018 cm - 3 ) ,t he ana2

lytical solutions wit h the assumption of a square

potential well plus t he first2order perturbation cor2
rection agree well with t he numerical ones. Howev2
er ,if t he channel is wider or t he space charge densi2
ty is higher , t he errors between t hese two become

intolerant . The reason for t his is t hat t he potential

energy in t he channel can no longer be regarded as

perturbation. Therefore , ot her analytical mean

needs to be found for t hese cases.

Fig. 3 　Energy levels En, k versus channel depth (ρ= 1018 cm - 3 ) 　Rounds represent numerical result s ,solid lines

represent analytical result s En, k ana , squares represent analytical result s En, k squ with first2order perturbation ,and

triangles represent analytical result s En, k tri .

　　Note that D G2MOSFET tends to be two back2
against2back independent MOSFETs if channel be2
comes wider or space charge density get s higher .

Consequently ,t he potential in the channel tends to

be split into two independent parabola2like deep

potential wells as in t he MOS st ructure. In earlier

works ,t he approximate solutions to energy levels

for MOS st ruct ure using t riangle potential well are

p roved to be reasonable bot h in subt hreshold re2
gion[14 ] and in st rong inversion region[15 ] . Hence ,

we investigate t he applicability of these approxi2
mate solutions for D G2MOSFET. The expressions

are listed below.

En, k t ri = Ec0 +
∂2

2 m 3
z ,k

1/ 3

×　　　　　　　　

3
2
πqFs n +

3
4

2/ 3

+
q2ρ( d/ 2) 2

2εSi
(3)

where‘t ri’denotes t hat t he energy levels are for

t riangle potential well and Fs = q(ηN e + N a -

N d ) /εSi is t he surface elect ric field. Here ,η,an em2
pirical parameter ,differs for different device st ruc2
t ures as discussed in Ref . [ 15 ] and for our caseη=

0125. In Figs. 3 and 4 ,the t riangle symbols rep re2
sent En, k tri . As it is seen in t he figures ,t he analyti2
cal solutions wit h t he t riangle well tally with nu2
merical ones with wide channel or high space

charge density. Furt hermore ,if En, k squ are away a2
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Fig. 4 　Energy levels En, k versus average space charge density ( d = 20nm) 　Rounds represent numerical result s ,

solid lines represent analytical result s En, k ana ,squares represent analytical result s En, k squ with first2order perturba2
tion ,and triangles represent analytical result s En, k tri .

bove zero , t hey accord wit h numerical ones since

t his corresponds to t he case of narrower depth or

lower space charge density and if En, k squ are away

below zero , En, k tri accord wit h numerical ones since

t his corresponds to t he case of wider dept h or high2
er space charge density. To include all cases , t he

st rategy in Fig. 5 is used to obtain t he final analyti2
cal solutions En, k ana for an arbit rary depth. The sol2
id lines both in Figs. 3 and 4 stand for En, k ana ,

which are in accordance wit h numerical result s

with an arbit rary dept h or space charge density

(meaning the analytical solutions are effective un2
der all gate bias) .

If En, k squ < En, k tri

t hen 　 En, k ana = En, k squ

Else if En, k squ > 0

t hen 　 En, k ana = En, k squ

Else

t hen 　 En, k ana = En, k tri

Fig. 5 　Strategy for obtaining analytical energy levels

f rom the combination of En, k squ and En, k tri

3 　Electron density and threshold volt2
age

　　Due to the confinement of elect ron motion

normal to the interface ,t he conduction band wit hin

t he t ransistor channel is split into several sub2
bands ,each of which is associated with t he corre2
sponding energy eigenvalue. Hence , t he elect ron

surface density may be exp ressed as

N e = ∑
N t

n = 1
∑
N m

k = 1

gk N k lg{ 1 +exp [ ( En, k - Ec0 ) / kB T ] ×

exp [ q( <c - <Fn ) / kB T ]} (6)

where N k = ( m 3
dk kB T) / (π∂2 ) is t he density of

states in the subband at energy En, k , m 3
dk is t he

density of states effective mass ( m 3
d1 = m 3

t , m 3
d2 =

( m 3
l m 3

t ) 1/ 2 ) , N t = 10 is t he number of subbands ,

N m = 2 is the number of different set s of valleys , g1

= 2 , g2 = 4 is t he degeneracy of t he valleys of set ,

<c = - Ec0 / q , <Fn = - EFn / q wit h EFn t he quasi2Fermi

level , kB is t he Boltzmann constant , and T is t he

temperat ure. On the other hand ,according to 1D e2
lect rostatic analysis ,t he elect ron density may be al2
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so expressed as[13 ]

N e = 2 Cg (V′G - <c ) / q (7)

where Cg = Cox Cd / ( Cox + Cd ) rep resent s t he gate

capacitance per unit area wit h Cox =εox / tox t he oxide

capacitance per unit area and Cd = 4εSi / d is t he de2
pletion capacitance per unit area. V′G = V G - ( <M -

χ+ V A - V D ) is t he effective gate voltage wit h V G

t he gate bias ,<M t he work f unction of t he gate ma2
terial ,χ t he elect ron affinity of t he semiconductor ,

V A = qN a / 2 Cg and V D = qN d / 2 Cg . Equating Eq.

(6) and Eq. (7) , t he implicit analytical form of e2
lect ron density is obtained wit h a given gate bi2
as[13 ] . Different f rom Ref . [ 13 ] ,t he analytical solu2
tions to En, k int roduced in this paper , i . e. En, k ana ,

are substit uted into Eq. (6) . In Fig. 6 ,t he analytical

elect ron surface densities are depicted against gate

voltage wit h different channel dept hs ,agreeing well

with the numerical simulation result s (executed u2
sing Schred 210[ 16 ] ,a 1D SchrÊdinger2Poisson2equa2
tion self2consistent solver) . According to our mod2
el’s p rediction ,an increase of t he gate voltage re2
sult s in a weaker influence of t he channel depth on

t he elect ron density. The elect ron density increases

with an increasing channel depth in subt hreshold

region or mild inversion region while it becomes in2
dependent on channel dept h in st rong inversion re2
gion. This result s f rom a decrease of the average

distance of elect rons f rom t he surfaces with an in2
crease of t he surface potential , similarly as in the

conventional bulk MOS transistor [ 17 ] . The QM

model ,which merely considers a box2like potential

in t he channel ( st rategy used in Ref . [ 13 ]) ,under2
estimates elect ron density and t he t rend t hat it de2
creases wit h an increasing channel depth is inap2
prop riate according to numerical result s. In Fig. 7 ,

t he elect ron densities are depicted against gate

voltage wit h different gate2oxide thickness. From

t he figure ,our model tallies well wit h numerical re2
sult s while t he box2like potential well assumption

vastly underestimate values and t he error becomes

larger wit h a decreasing gate2oxide thickness.

Finally ,a closed form of t he t hreshold voltage

is about to be presented. From Eq. (6) , t he semi2

Fig. 6 　Elect ron surface density versus gate voltage

with different channel depths both on linear scale

(right ) and logarithmic scale ( lef t ) 　tox = 1nm 　

Symbols stand for numerical result s ,solid lines stand

for analytical result s fully comprising QM effect s ,and

dashed lines with symbols represent analytical result s

with the box2like2potential assumption.

Fig. 7 　Elect ron surface density versus gate voltage

with different gate2oxide thickness both on linear

scale (right) and logarithmic scale (lef t) 　d = 20nm

Symbols stand for numerical result s ,solid lines stand

for analytical result s fully comprising QM effect s ,and

dashed lines with symbols represent analytical result s

with the box2like2potential assumption.

conductor capacitance Cs may be derived as ( using

Boltzmann statistics) [13 ]

Cs = q
d N e

d<c
=

q2 N′c

kB T
exp [ q( <c - <Fn ) / kB T ] (8)

where N′c = ∑
N t

n = 1
∑
N m

k = 1
gk N k exp [ ( En, k ana - Ec0 ) / kB T ]
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is t he effective density of states. Then , we define

t he device t hreshold as t he gate voltage at which Cs

equals 2 Cg ( more specifically , see Ref . [ 13 ]) .

Therefore ,t he t hreshold voltage V th is finally ob2
tained as

V th = <M - χ+ V A - V D +
kB T

q
lg

2 Cg kB T
q2 N′c (V th0 )

(9)

Here N′c (V th0 ) indicates t he energy levels ,which is

used to calculate N′c and obtained under t he gate

voltage of V th0 (V th0 is derived f rom t he similar form

of Eq. (9) ,but uses energy levels wit h box2like po2
tential well , t hus independent of gate voltage , to

calculate N′c ) . In Fig. 8 ,V th is plot ted against chan2
nel dept h wit h different gate2oxide t hickness. It is

concluded f rom the figure that t he t hreshold volt2
age decreases wit h an increasing channel depth or

gate2oxide t hickness. The model merely wit h the

box2like2potential slightly overestimates t he values

of t he threshold voltage.

Fig. 8 　Threshold voltage versus channel depth with

different gate2oxide thickness

4 　Conclusion

Analytical modeling for deca2nano scaled D G2
MOSFETs is desirable for circuit designers. Elec2
t rons in t he channel are severely confined along the

channel dept h under such small scale so that the

QM effect s must be modeled. Previous works ei2
t her ignore QM effect s or make too coarse assump2
tions of t he quant um potential well .

In this paper ,t he non2uniform potential in t he

channel is considered. A closed form of energies

levels for an arbit rary dept h and space charge den2
sity is p resented. Then ,an implicit form of t he elec2
t ron density and a closed form of the t hreshold

voltage are p roposed , which utilize the analytical

solutions to energy levels.

According to t he model’s p rediction , t he fol2
lowing conclusion may be made :an increased elec2
t ron density wit h an increasing channel depth in

subt hreshold region or mild inversion region. How2
ever ,it becomes independent on channel depth in

st rong inversion region. It is also concluded t hat

t he QM model , which barely considers a box2like

potential in t he channel , slightly over2p redict s

t hreshold voltage and underestimates elect ron den2
sity and t he error increases wit h an increasing

channel dept h or a decreasing gate2oxide t hickness.

This indicates t hat t he f ull comp rising of QM

effect s is indispensable for p ractical D G2MOSFETs

(wit h channel dept h of deca2nano scale) .
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考虑量子效应的双栅 MOSFET的阈电压解析建模 3

张大伟 　田立林 　余志平

(清华大学微电子学研究所 , 北京　100084)

摘要 : 推导了双栅 MOSFET 器件在深度方向上薛定谔方程的解析解以求得电子密度和阈电压. 该解析解考虑了

任意深度情况下沟道中深度方向上电势的不均匀分布 ,结果与数值模拟吻合. 给出了电子密度的隐式表达式和阈

电压的显式表达式 ,它们都充分考虑了量子力学效应. 模型显示 ,在亚阈值区或者弱反型区 ,电子密度随深度增加

而增加 ;然而 ,在强反型区 ,它与深度无关 ,这与数值模拟的结果吻合. 结果进一步显示 ,只考虑方形势阱的量子力

学结果 ,略高估计了阈电压 ,且低估了电子密度. 误差随着深度的增加或者栅氧厚度的减少而增加.

关键词 : 双栅 MOSFET ; 一维解析量子求解 ; 沟道深度方向的非均匀电势 ; 电子密度 ; 阈电压 ; 沟道深度
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