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1 　Introduction

CMOS RFICs are now commonly used in wire2
less communications because of t heir low cost and
easy integration. As passive component s in RF
ICs ,spiral inductors[1 ] play a very important role in

impedance matching , inductive source degenera2
tion[2 ] ,L C2resonant tanks[3 ,4 ] , and filters and bal2
uns. However , due to t he parasitic couplings and
loss int roduced by t he conductive Si2subst rate , t he
modeling of the spiral inductors has become a diffi2
cult task.

Compared with elect romagnetic ( EM ) field
solvers ( e. g. HFSS) and partial2element2equiva2
lent2circuit ( PEEC)2based solvers[ 5 ] ( e. g. ASIT2
IC[6 ] and Momentum in ADS) , a compact circuit
model of the spiral inductors using lumped f re2
quency2independent RL C element s would be more
desirable for circuit simulations because of it s ad2
vantage in speed and it s inborn compatibility wit h
SPICE.

There are two types of topologies for equiva2
lent circuit s of t he spiral inductors : ( 1 ) t he 12π
model [7～12 ] ,which is simple and has been success2
f ully applied to t he spiral inductors on an insula2
ting subst rate[8 ] but fails to capture the high f re2
quency behavior (especially beyond t he self reso2
nant f requency , SRF) ;and (2) t he 22πmodel [13 ,14 ] ,

which can model bot h t he high2f requency behavior
and t he effect s of a lossy subst rate. The challenge
in applying the 22π model lies in t he parameter ex2
t raction ,which determines the final accuracy of t he
model . In Ref . [ 14 ] , a comprehensive approach of
parameter ext raction using rational f unctions is
p roposed. However , t he met hod is not st raightfor2
ward. The scaling relationshipξ(ω) is not well de2
termined and requires some manual manip ulation ,
resulting in some uncertainty and randomness in
t he ext racted parameter values. The met hod is
t herefore difficult to be implemented in CAD. In
t his paper ,we propose an improved met hod t hat is
step2by2step and easily realizable in CAD.

2 　Rational f unction and t wo specif ic
applications

2. 1 　Rational function

The general form of a rational f unction is writ2
ten as

R ( s) ≡ N m ( s)
D n ( s)

≡ a0 + a1 s + a2 s2 + ⋯+ a m s m

b0 + b1 s + b2 s2 + ⋯+ b ns n

(1)

where N m ( s) and Dn ( s) are m2 and n2 order poly2
nomials of variable s. There are m + n + 2 coeffi2
cient s ,{ a0 , a1 , a2 , ⋯, am } and { b0 , b1 , b2 , ⋯, bn} ,for

which am ≠0 and bn ≠0. Since one of { a0 , b0 , am , bn}
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can be assumed to be unity ,t here are only m + n + 1
independent coefficient s. For example ,if a0 ≠0 ,one
can normalize all t he coefficient s by dividing by a0

so t hat a0 is normalized to unity. In t he following ,
we assume a0 = 1.

Normally , R ( s) is expressed as a series of data
point s { R1 , R2 , ⋯, RN } , measured at { s1 , s2 , ⋯,

sN }. Thus Equation (1) can be t ransformed into N

linear equations for as and bs :
b0 R i + b1 R i s i + b2 R i s2

i + ⋯+ b n R i s n
i

= 1 + a1 s i + a2 s2
i + ⋯+ a ms m

i ,

i = 1 ,2 , ⋯, N 　　　　　(2)

where R i = R ( si ) . U sually N > m + n + 1 , so t he a2
bove equations turn into an over2determined prob2
lem and can be solved as a standard linear least2
square p roblem :min ( v ‖Âx - b ‖) ,where x = ( a1 ,

⋯, a m , b0 , b1 , ⋯, b n ) T ∈Rm + n + 1 is a column vec2
tor for unknown coefficient s and b = (1 , 1 , ⋯, 1) T

∈RN is a unity column vector . Thus ,

Â =

- s1 - s2
1 ⋯ - s m

1 R1 R1 s1 R1 s2
1 ⋯ R1 s n

1

- s2 - s2
2 ⋯ - s m

2 R2 R2 s2 R2 s2
2 ⋯ R2 s n

2

… … … … …
- s N - s2

N ⋯ - s m
N R N R Ns N R Ns2

N ⋯ R Ns n
N

(3)

Â ∈RN ( m + n + 1) , and is expressed in Eq. (3) .

2. 2 　Application for skin and proximity effects

Figure 1 ( a ) is used to model the skin and
proximity effect s[15 ] . Assuming s = jω, t he imped2
ance of t he branch is

Z( s) = sL s + Rs +
sL sk Rsk

sL sk + Rsk
(4)

For ω= 0 , Z (0) ≡RDC = Rs . Then

Z ( s) - Z (0)
s

= L s +
L sk Rsk

sL sk + Rsk
　　　　　

=
1 +

L s L sk

Rsk ( L s + L sk )
s

1
L s + L sk

+
L sk

Rsk ( L s + L sk )
s

(5)

By evaluating t he quantity [ Z( s) - Z (0) ]/ s at dif2
ferent f requencies (ω1 ,ω2 , ⋯,ωN ) and fit ting the
result s using t he following rational f unction

1 + a1 s
b0 + b1 s

(6)

and t hen by comparing Eqs. (5) and (6) wit h the
ext racted values of a1 , b0 , and b1 ,t he values of L s ,
L sk ,and Rsk can be uniquely determined.

Fig. 1 　(a) Skin effect model ; (b) Oxide2subst rate 32el2
ement model

2. 3 　Application for the 32element model of sub2
strate loss

　　The 32element model is commonly used to
model the subst rate loss as shown in Fig. 1 ( b) . If
t he impedance for t hat branch is measured ,then

Z ( s) =
1

sCox
+

Rsub

1 + sCsub Rsub

=
1 + s ( Cox + Csub ) Rsub

sCox + s2 Cox Csub Rsub

(7)

We fit t he rational f unction
1 + a1 s

b1 s + b2 s2 (8)

to obtain a1 , b1 ,and b2 ,and t hus t he three element s
Cox , Rsub , and Csub can be determined by comparing
Eqs. (7) and (8) .

3 　Compact circuit model of spiral in2
ductors

3. 1 　On2chip spiral inductors and the 12πmodel

The on2chip spiral inductor and it s basic 92ele2
ment 12πcircuit model are shown in Fig. 2. It is a 22
port device characterized by 22port S2parameters
(or ot her small signal parameters such as Y2param2
eters) . For a linear passive network , S12 = S21 (or
Y12 = Y21 ) due to it s recip rocal nature. Hence there
are only t hree independent complex parameters
t hat characterize t he device. The Y2parameters ,for
example ,can be t ransformed into t he following six
real quantities (Note : The average of Y12 and Y21 is
used because t here are inevitable measurement er2
rors between t hem) :

866
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L 11 ≡I m (1/ Y11 )
ω

L 22 ≡I m (1/ Y22 )
ω

Q11 ≡I m (1/ Y11 )
Re (1/ Y11 )

= -
I m ( Y11 )
Re ( Y11 )

Q22 ≡I m (1/ Y22 )
Re (1/ Y22 )

= -
I m ( Y22 )
Re ( Y22 )

L eff ≡I m ( - 1/ Y21 )
ω

Reff ≡Re ( - 1/ Y21 )

(9)

where Y21 ≡( Y12 + Y21 ) / 2.

Fig. 2 　On2chip spiral inductor and 12π model

L 11 , L 22 , Q11 ,and Q22 are t he equivalent induct2
ances and quality factors seen f rom Port1 and Port2
with the other port ac2shorted. L eff and Reff are the
effective series inductance and resistance of the
main pat h ( - Y21 ) . The DC values are :

RDC = Reff | ω→0

L DC = ( L eff , L 11 , or L 22 ) | ω→0

(10)

where RDC is t he DC resistance ,and L DC is t he in2
ductance whenω→0 . The six quantities in Eq. (9)

are mat hematically equivalent to S2 or Y2parame2
ters , but t hey are more p hysically insightf ul and
much easier to manage because t hey are all real
numbers.

There are two set s of data for each quantity in
Eq. (9) ,which rep resent t he measured and simula2
ted values , respectively. They are explicitly desig2
nated by a subscript“m”or“s”;for example ,L 11 , m

or L 11 , s ,and Q11 , m or Q11 ,s . The modeling goal is to
let simulated values (“s”) of all t he six quantities
be as close to t he measured values (“m”) as possi2
ble.

3. 2 　From the 12π model to the 182element 22π
model

　　The simple 12π topology shown in Fig. 3 (a)

has serious deficiencies for a lossy subst rate ,as in
CMOS RFICs. In Eq. (9) ,t he quantity Reff needs to

be t reated caref ully. The measurement s show t hat
it equals to the DC resistance at fir st and t hen rises
with f requency due to t he skin and proximity
effect s. But after it reaches a maximum at f skin ,max

( Fig. 5) ,it begins to drop until reaching a negative
value on t he order 10 - 2～10 - 3Ω when t he f requen2
cy is sufficiently high. This p henomenon is due to
dist ributed subst rate parasitics which override t he
skin and proximity effect s , and can only be ex2
plained by a 22π topology.

Fig. 3 　Topology of 12π (a) and 22π (b) models

Figure 3 ( b) is a block diagram for t he 22π
model ,wit hout t he shunt capacitor Cp . Figure 4 is
our 182element 22π model , refined f rom Ref . [ 13 ]
with redundant element s removed. According to

Fig. 4 　182element 22π circuit model

Fig. 3 (b) ,wit h a third grounded branch Z3 added ,
t he dist ributed effect s of the subst rate parasitics
can be compensated by :

Reff = Re ( Z1 + Z2 + Z1 Z2 / Z3 ) (11)

Assuming Z1≈Rs1 + jωL s1 , Z2≈ Rs2 + jωL s2 and Z3

≈ Rsub3 + 1/ jωCox3 ,t hen
Reff ≈ Re [ ( Rs1 + jωL s1 ) + ( Rs2 + jωL s2 ) +

( Rs1 + jωL s1 ) ( Rs2 + jωL s2 )
Rsub3 + 1/ jωCox3

] (12)

At high f requencies ,we assume roughly that Rs1 ν
ωL s1 , Rs2 νωL s2 ,and Rsub3 µ 1/ (ωCox3 ) ,so

Reff ≈ Rs1 + Rs2 - ω2 L s1 L s2 / Rsub3 (13)

Thus Reff can become negative at high enough f re2
quencies due to t he negative term t hat is ∝ω2 .
(Note :negative Reff does not imply that t he passivi2
ty of t he model has been violated ,because it is only
an effective quantity wit h t he unit of Ω and not a
real resistance as defined f rom - Y21 . ) On the con2
t rary ,t he 12π model only provides a positive value
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of Reff regardless of f requency because t he“Y3”box
in Fig. 3 (a) must be passive.

Figure 5 shows bot h t he measured (“m”) and
simulated (“s”) values using our 22πmodel for Reff

and L eff of a 4152t urn spiral inductor fabricated in
t he TSMC 0125μm process. The simulated result s
using t he 12πmodel p rovided by t he foundry are al2
so plotted and identified by the suffix“TSMC 12
π”. This shows t hat t he 12π model gives inaccurate
values for bot h Reff and L eff at high f requencies
compared to t he measured data. It p redict s a high2Q

parallel2tank resonating at about 13 GHz and the
sign of Reff is always positive. On t he cont rary ,t he
simulated result s of t he 22π model are accurate at
least up to t he resonant f requency (about 15 GHz
as shown in Fig. 5) .

Fig. 5 　Reff and L eff fabricated in a 4152turn inductor

fabricated in TSMC 0125μm p rocess

3. 3 　Skin and proximity effects in the 22πmodel

In order to model t he skin and proximity

effect s , t he single inductor L 0 ( f ) and resistor

R0 ( f ) in Fig. 2 must be f requency2dependent and
not compatible wit h SPICE. Therefore two bran2
ches ( L sk and Rsk ) are added in Fig. 4. Assuming
t he two halves of t he main path are identical : Z1 ≡
Z2 ,t he number of t he independent element s of the
circuit can be reduced to 14.

The effect of eddy2current s in t he subst rate is
not included in this paper because the current RF
CMOS process normally uses a lightly2doped Si2
subst rate (ρSi ≈1～10Ω·cm) ,in which eddy cur2
rent effect is negligible.

3. 4 　Limitations of the 22πmodel

The 22π model has it s own limitations at high
f requencies :it is valid up to t he self resonant2f re2
quency (SRF) . Beyond SRF ,t he spiral p resent s ca2
pacitive p roperties and cannot be used as an induc2
tor any more. Thus t he above upper limitation of
t he model is still acceptable for most circuit appli2

cations since SRF set s t he applicable limit of spiral
inductors. Moreover , t he six quantities in Eq. (9)

lose their p hysical meaning beyond SRF ; and thus
fit ting error will be larger beyond SRF.

Seen f rom the two port s ,SRF is defined as
S R F11 ≡ω/ 2π | L11 = 0

S R F22 ≡ω/ 2π | L22 = 0

(14)

4 　Parameter extraction in the 22π
model

　　When t he measured S2parameters at various
f requencies are available , t he values of t he 18 ele2
ment s in Fig. 4 can be ext racted. The goal is to ob2
tain an optimum fit between simulated S2 or Y2pa2
rameters or t he six quantities in Eq. (9) wit h t he
measured data.

4. 1 　Extraction of the shunt capacitance Cp

The shunt capacitor Cp can be ext racted at

high f requencies as

Cp =
Im ( - Y21 , m )

ω ω→∞
(15)

　　The term“high f requency”is not well de2
fined , and t he measured data do not show an
asymptotic constant , even when t he f requency is
kept increasing. Nevert heless , in order to perform
t he following ext raction , Cp must be assigned a val2
ue. We evaluate Eq. (15) at the maximum measur2
ing f requency and t hen determine Cp . Thus we can
define

Z′eff , m ≡ 1
- Y21 , m - jωCp

(16)

4. 2 　Extraction of elements in Z1 and Z2

Since Z1 ≡Z2 as shown in Fig. 3 (b) , each im2
pedance is

Z1 , m = Z1 , m ≈ Z′
eff , m / 2 , 　f < f skin , max (17)

　　The above approximate equality holds only be2
fore Reff ,m reaches it s maximum : f < f skin ,max as de2
picted in Fig. 5 ,when the shunt effect of Z3 can be

neglected. After f skin ,max , t he skin and proximity

effect s on Reff ,m (also L eff ,m ) will be overridden by
t he capacitive subst rate parasitics of Z3 as ex2
plained in Section 312. We define :

f skin , max ≡ω/ 2π | Reff ,m = max ( Reff ,m ) (18)

　　Thus t he met hod described in Section 212 can
be performed wit h t he impedance of t he L HS term
of Eq. (4) already known ,and t he values of L s1 ,2 ,

076
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Rs1 ,2 ,L sk1 ,2 ,and Rsk1 ,2 can be determined.

4. 3 　Extraction of elements in Z3

When t he element s in Z1 and Z2 are ext racted ,

t he impedance of Z3 shown in Fig. 3 (b) can be cal2
culated as

Z1 ,s = Z2 ,s = Rs1 + jωL s1 +
Rsk1 jωL sk1

Rsk1 + jωL sk1

Z3 , m =
( Z1 ,s ) 2

Z′eff , m - 2 Z1 ,s

(19)

where t he simulated impedances Z1 ,s and Z2 ,s are e2
valuated at t he measuring f requencies {ω1 ,ω2 , ⋯,
ωN } . Thus ,wit h t he i mp eda nce of t he L HS te r m of

Eq. (7) k now n , t he met hod of Section 21 3 ca n be

p e rf or me d t o dete r mine Cox3 , Rsub3 , a nd Csub3 .

4. 4 　Extraction of elements in Y′1 and Y′2

After t he element s in Z1 , Z2 , and Z3 are ex2
t racted , we can calculate Y′1 and Y′2 as shown in
Fig. 3 (b) . Let

Z3 ,s =
1

jωCox3
+

Rsub3

1 + jωCsub3 Rsub3

Y′1 , m = Y11 , m -
Z1 ,s Z3 ,s

Z1 ,s + Z3 ,s
+ Z1 ,s

- 1

- jωCp

Y′2 , m = Y22 , m -
Z2 ,s Z3 ,s

Z2 ,s + Z3 ,s
+ Z2 ,s

- 1

- jωCp

(20)

　　Thus t he impedances 1/ Y′1 ,m and 1/ Y′2 ,m can
be calculated ,and t he method described in Section
213 can be applied again to determine t he values of
{ Cox1 , Rsub1 , Csub1 } and { Cox2 , Rsub2 , Csub2 } ,respective2
ly.

Now the values of all 18 element s in Fig. 4
have been ext racted.

5 　Experimental val idation

The measured data correspond to t hree induc2
tors fabricated in Chartered Semiconductor ’s
0118μm RF CMOS Cu2top 62metal p rocess. The
layout parameters are shown in Table 1 , covering
t urns n = 1 ,5 ,7 and t he DC inductance L DC = 015 ,
318 ,1113n H. The ext racted values of circuit ele2
ment s are also shown in t he table. Figures 6～ 9
show the six quantities defined in Eq. (9) . The S2
parameters of only one inductor (D2) are plot ted in
Fig. 10 in order not to crowd t he figure. The figure
shows t hat the circuit model is very accurate up to
t he inductor’s SRF (wit h max error less t han 1 %)

provided t hat t he parameters are p roperly ext racted
using our met hod. Beyond SRF , the circuit model
p resent s more errors , but t he t rends are still cor2
rect .

Table 1 　Parameter ext raction result s of three induc2
tors fabricated in 0118μm R F CMOS p rocess

Device D1 D2 D3

L ayout

parameter1)

n 1 5 7

r/μm 50 34. 5 50

w/μm 12 6 12

s/μm 1. 8 1. 8 1. 8

D C value
RDC /Ω 0. 7 3. 1 3. 4

L DC / n H 0. 5 3. 8 11. 3

Circuit

element

Cp / f F 2. 2 13. 0 38. 2

L s1 ,2 / n H 0. 246/ 0. 246 1. 81/ 1. 81 5. 25/ 5. 25

L sk1 ,2 / n H 0. 104/ 0. 104 0. 091/ 0. 091 0. 305/ 0. 305

Rs1 ,2 /Ω 0. 375/ 0. 375 1. 55/ 1. 55 1. 68/ 1. 68

Rsk1 ,2 /Ω 0. 408/ 0. 408 1. 69/ 1. 69 1. 82/ 1. 82

Cox1 ,2 ,3 / f F 69. 8/ 50. 6/ 23. 9 48. 0/ 40. 3/ 86. 7 128/ 93. 5/ 367

Csub1 ,2 ,3 / f F 13. 7/ 12. 5/ 1. 27 31. 7/ 16. 8/ 2. 31 64. 7/ 26. 5/ 45. 6

Rsub1 ,2 ,3 /Ω 563/ 714/ 496 250/ 367/ 415 75. 4/ 214/ 152

　1) n : turn , r :inner radius , w : metal widt h , s : metal sp acing.

Fig. 6 　Measured and simulated eff ective series in2
ductances L eff of t hree induct ors normalized t o t heir

D C inductances

Fig. 7 　Measured and simulated eff ective series re2
sistances Reff of t hree induct ors

6 　Conclusion

The 12πequivalent circuit model [7 ,12 ] is not ad2
equate for RF CMOS spiral inductors , but t he 22π
topology is good for most applications[13 ,14 ] . The
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Fig. 8 　Measured and simulated equivalent induct2
ance L 11 and L 22 of t hree induct ors normalized t o

t heir D C inductances

Fig. 9 　Measured and simulated quality f act ors Q11

and Q22

Fig. 10 　Measured and simulated S2p arameters of a 52
t urn induct or (D2)

comp act circuit model used in t his p aper is a re2
fined version of t he 22π topology f rom Ref . [ 13 ]
with redundant element s removed. The values of
all 18 element s in our circuit model can be ext rac2
ted step2by2step . The met hodology of parameter
ext raction described in this paper is more st raight2

forward and much more easily implemented as a
CAD tool compared to t he heuristic work [14 ] .

The accuracy of t he p roposed parameter ex2
t raction met hod for t he 22π model of Fig. 4 is very
good and has been verified by comparison to sever2
al indust rial samples. The resulting circuit model is
very usef ul for RF circuit designers.
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射频 CMOS 平面螺旋电感 22π等效电路模型参数的提取 3

高 　巍 　余志平

(清华大学微电子学研究所 , 北京　100084)

摘要 : 从有理分式拟合方法出发 ,提出了用于射频 CMOS 平面螺旋电感 22π等效电路模型参数提取的新方法. 通
过比较提参后等效电路给出的 S 参数和实验测量的 S 参数 ,证明该方法的精度很高. 此外 ,提参的策略非常直接 ,

因此容易在 CAD 里面编程实现. 提参得到的等效电路模型对于射频电路设计者来说也是非常有用的.

关键词 : 22π; 等效电路模型 ; 参数提取 ; 射频 CMOS 电路 ; 平面螺旋电感
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