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Abstract: The binding energy of a bound polaron in a finite parabolic quantum well is studied theoretically by a fractional-

dimensional variational method. The numerical results for the binding energies of the bound polaron and longitudinal-opti-

cal phonon contributions in GaAs/Al, ; Ga, ; As parabolic quantum well structures arc obtained as functions of the well

width. It is shown that the binding energies of the bound polaron are obviously reduced by the electron-phonon interaction

and the phonon contribution is observable and cannot be neglected.

Key words: bound polaron; binding energy; parabolic quantum well

PACC: 6320K; 7138

CLC number;: 0471.3 Document code: A

1 Introduction

Remarkable progress in device physics has made
it possible to fabricate a wide variety of low-dimen-
sional semiconductor systems. A great deal of effort
has been devoted to the study of these structures be-
cause of their potential applications in a wide range of
electronic and optoelectronic devices. One of the
cffects that has attracted a considerable amount of at-
tention is the polaron effect! %',

A previous work studied the polaron problem in a
parabolic quantum well (PQW) using the Lee-Low-
Pines (LLP) variational method,considering the con-
fined well and barrier longitudinal optical (LO) pho-
nons as the slab and half-spacing modes similar to
those used to treat the polaron problems in square
quantum wells'?'. Hai et al."* considered an electron
interacting with bulk LO phonons in a PQW and cal-
culated the polaron energy and effective mass by a
perturbation method. As an approximation, the inter-
face optical phonon modes were omitted in the above-
mentioned papers because of the small difference be-
tween the well and barrier materials in the vicinity of
the interfaces. Wang et al.™ have recently discussed
the electron-phonon effect on polarons in PQW struc-
tures and confirmed that the bulk LO phonon model
is an acceptable approximation.

Of particular interest to the present work is the
fractional-dimensional space approach proposed by
He''" . This simple and effective method has been
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used to treat the exciton states and polaron problems
=141 More  recently,
Wang et al”®’ developed this approach to discuss the

in low-dimension structures
polaron effects on excitons in PQWs and obtained a
surprisingly accurate estimation for the binding ener-
gy. However,to our knowledge, the bound polaron in
POQW structures has rarely been discussed concretely.

In this paper, a fractional-dimensional model in
combination with a LLP-like transformation and a
variational treatment is developed to investigate the
bound polaron in PQWs. A characteristic potential
confinement length for the bound polaron in POQWs is
introduced. We use a trial wave function with a frac-
tional-dimensional variational parameter to calculate
the binding energies of the bound polaron. As an ex-
ample, the numerical results for the GaAs/Al, ; Ga, ;-
As PQW are given and discussed.

2 LLP-like transformation and fraction-
al-dimensional space approach

Let us consider a POW structure with well-width
2d generated by alternating multiple layers of GaAs
and Al, Ga,-, As of varying thickness along the z-di-
rection ', The relative thickness of the GaAs layers
in the well decreases quadratically as the distance
from the well center increases (z = 0). The barrier
material is Al,Ga;-, As. As an approximation, we as-
sume the electron with the band mass of GaAs moves
in the system and couples with a bulk optical phonon
field. The

Hamiltonian of the eclectron-phonon
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system then can be written as
H = H.+ Hy + Hep, (1
The first term in Eq. (1) is the Hamiltonian of a
bare electron and can be described within the frame-
work of the isotropic effective mass approximation by
h™g:o € Ly (2)

2m €T

H, =-

where e.. is the high frequency dielectric constant,and
the quantum well potential V(z) is
V(J 2
Vi) =<4d* "
lv..

|z [<d
(3

lz|>d
Here, V, is the well-depth for the electron and is de-
termined by V, = 0.6 X 1250x (meV) for the GaAs/
Al,Ga, -, As system.

The second term in Eq. (1) is the free-phonon-
field Hamiltonian

Hy = D) hea,a, ¢Y)
q

0

where a, and a, are respectively the creation and an-
nihilation operators of the LO-phonon with frequency
w and wave-vector q.

The last term in Eq. (1) stands for the electron-
phonon interaction Hamiltonian and has the follow-

ing form in the bulk-LO-phonons approximation-***! ;

Hew = D[ Vya;Ce ™ =1 +hoc.]  (5)

q

where
.M2re” _haw(l 177
= — X —— - —
v, 1[ v 7 (em 60” (6)
Carrying out two LLP-like unitary transforma-
tions
U, = exp[— i>laja.q-r) (D
q
and

U, = exp[E(a;f‘, —a.f, )] (8)

q
the electron-phonon system Hamiltonian becomes
H" = U;'U"HU, U,

2

h’g*\, . .
= H.+ hao+ Cab + fi)Cay + f) +
;( 2M> q q q q
DV,ta, + fHOd—e™) +h.c.] (9

where theq multi-phonon processes have been neglec-
ted in the mono-phonon approximation. The displace-
ment amplitudes f, and f, will be variationally deter-
mined later.

We now use a variational method to calculate the
ground state energy of the bound polaron. The ground
state wave function of the electron-phonon system is
chosen as

| o) = ¢ | 0 10)
where |0) is the zero-phonon state,and |[¢(r)) is a
trial wave function for the ground state and will be
determined by a fractional-dimensional variational

treatment. Then, the variational energy of the bound
polaron can be calculated as
E =0 | H | $(r)) |0

= E, + Zq]f;f‘q <hw+%>+

DIV (@ f, +h.c.] (1D
q
where
E, = (¢(r) | H. | $(r)> 12)
Vig) = ¢ | V, A —e ™) | ¢(r)) (A3
Solving the minimum equation
JE JE
= — =0 (14)
Ife s
gives the displacement amplitudes f, and f,
- V' (q) -
fq = heth’q /Zm (15a)
and
fi = Viq) (15b)

hw+thlq'/2m
Substituting Eqs. (15a) and (15b) into Eq. (12), we
obtain the variational energy
_ | V(g |?
E =E, - Z]]hw"'h?qz/zm
The ground state energy of the bound polaron is then
determined by minimizing Eq. (16).
The electron part of the wave function is compli-
cated to express in an analytic form. He"'"”

(16)

proposed
the fractional-dimension model to study excitons in
confined systems. We calculate variationally the
ground state energy of the bound polaron by linking
the LLP-like transformations with the fractional-di-
mension model. We choose the trail wave function in
Eq. (10) similar to the 3D form:

dCr) dexp<* f)

where A is the variational parameter. The variational

a7n

energy of the bound polaron in a 3D system is
EP = () [= V= 2/r | $Gr0) = = 2
(18)
The energy is measured in the 3D Rydberg and the
length in 3D Bohr radius. Extending this expression
into the fractional-dimension model, the ground state
energy of the bound polaron can be written as the D-
dimensional space form"! .
D l _ 2
Aoal—e /2
In Eq. (19), L is the characteristic potential confine-
ment length in the z-direction, which is determined
by minimizing the variational energy of the electron
ECa) = (w(z) | H| w(z)) (20)

The Hamiltonian and the trial wave function for the

(19

ground state of an electron moving in the finite POQW
iS:
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and without phonon contributions (dashed line) as functions of
the well-width in the finite POW

Binding energies of the bound polaron with (solid line)

H=-1"x?2 v (21
2m dz*
1/2
w(z) = (|2« l) exp(— z2/a’)  (22)
s a

where a is the variational parameter and can be cho-
sen as the characteristic potential
length.namely

confinement

L=a
According to the discussion above, substituting
Eq. (17) into Eqgs. (12) and (13) and then into Eq.
(16) , the variational energy of the bound polaron in
the fractional- dimensional model is:
1 2

EQ = s —a/me ]

2 (= 1 16 2
= 1- :
ahe KJO dx 1% x[ 1+ (Aux)zsz (23)

where u = 2mw/h )Y ,and a = (me?/A ?u) (1/e. —
1/ey) is the electron-phonon coupling constant.
The ground state energy of the bound polaron is

then

E = mAinE(A) 24)
The binding energy of the bound polaron E, is de-
fined by

E, = Eto. — E (25)
In Eq. (25), Ey.. is the energy of the polaron and can
be calculated by the method used in Ref.[4].

3 Numerical results and discussion

The binding energies of the bound polaron in the
GaAs/Al, ;Ga, ; As PQW have been computed by u-
sing Eqs. (23) ~ (25). The parameters used in our
calculation are as follows"® . m,. = 0. 0665m,, hw =
36.25meV,g, = 13.18,e.. = 10. 89. The numerical re-
sults are illustrated in Figs.1 and 2.

Figure 1 plots the curves of the binding energies
of the bound polaron with and without phonon con-
tributions, respectively,as functions of the well-width
in the finite GaAs/Al;; Ga,; As PQW. The binding
energies of the bound polaron increase with the well-

Fig.2
the bound polaron as a function of the well-width in the finite
PQW

Contribution of LO phonons to the binding energy of

width at the beginning, rapidly reach maxima at a-
round 7nm,and finally approach the 3D values when
the well-width is large enough. Moreover, the binding
energies are reduced by the electron-phonon interac-
tion because of the phonon screening on the Coulomb
potential. The shift of the binding energies caused by
the electron-phonon coupling is around 20% ~ 30%
for the calculated system. Therefore, the electron-
phonon coupling effect is observable and should be
considered in discussing the eclectronic states in
PQWs.

To clarify the effect of electron-phonon interac-
tion, Figure 2 illustrates the contribution of LO pho-
nons to the binding energy of the bound polaron in
the same system as a function of the well-width. The
electron-phonon coupling effect first increases and a-
chieves a maximum (around 1. 79meV) at around 7nm
as the well-width increases,and drops slowly. It is un-
derstood that the penetration of the electron wave
function into the barriers becomes important when
the well is narrow enough, and the electron-phonon
coupling effect is reduced to the binding energy.

4 Conclusion

In summary, we have extended a fractional-di-
mensional method in combination with a LLP-like
transformation and a variational treatment to calcu-
late the binding energy of a bound polaron in finite
parabolic quantum wells. The numerical results for the
GaAs/Al, ; Ga, ; As parabolic quantum well are ob-
tained and discussed. The binding energies of the
bound polaron and the phonon contribution reach
their maxima as the well-width increases. The binding
energy of the bound polaron is reduced by the elec-
tron-phonon interaction,and the phonon contribution
is observable and cannot be neglected.
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