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Rigorous theoretical derivation of lumped models to transmission line systems*
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Abstract: By virtue of the negative electric parameter concept, i.e. negative lumped resistance, inductance, con-
ductance and capacitance (N-RLGC), the lumped equivalent models of transmission line systems, including the
circuit model, two-port w-network and T-network, are given. We start from the N -segment-ladder-like equivalent
networks composed distributed parameters, and achieve the input impedance in the form of a continued fraction.
Utilizing the continued fraction theory, the expressions of input impedance are obtained under three kinds of ex-
treme cases, i.e. the load impedances are equal to zero, infinity and characteristic impedance, respectively. When
the number of segment N is limited to infinity, they are transformed to lumped elements. Comparison between the
distributed model and lumped model of transmission lines, the expression of tanh yd, which is the key term in the
transmission line equations, are obtained by RLGC, furthermore, according to input admittance, admittance matrix
and ABCD matrix of transmission lines, the lumped equivalent circuit models, w-networks and T-networks have
been given. The models are verified in the frequency and time domain, respectively, showing that the models are

accurate and efficient.
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1. Introduction

Transmission lines (TLs) are widely used in silicon-based
radio-frequency (RF) integrated circuits (ICs), due to their low
cost and ease of process integration. With the continuous in-
crease of operating frequencies of very large scale integrated
circuits, the analog behavior of global digital interconnects be-
comes more important, whereas for analog design, accurate
transmission line models are required to be able to quantify
interconnect signal delay and loss[!l. TLs can be modeled by a
cascade of equivalent circuits, consisting of series inductances
and shunt capacitances with loss resistances and conductances,
as shown in Fig. 1. For this circuit, two more aspects must be
taken into account. They require a large number of elements
and internal nodes to be accurate, resulting in large memory
consumption and long simulation time!?!. Furthermore, as the
number of nodes increases, the accumulation of rounding er-
rors increasel*].

The negative capacitance effect (NCE) and negative resis-
tance effect (NRE) have been displayed by a variety of elec-
tronic devices, with both heterostructures and homostructures.
It was verified that in many cases the NCE and NRE phenom-
ena were caused by contact or interface effects!*~¢). The NCE
and NRE may occur to a transmission line system, such as a
microstrip line.

Thus by virtue of the concept of N-RLGC, this paper
gives new lumped equivalent circuit models, -networks and
T-networks of transmission lines, which compose the lumped
RLGC elements. The process of deducing and modeling is
given, accuracy is verified by frequency, and the time domain
is given.

PACC: 1220; 6185

EEACC: 1350; 1205

2. Modeling transmission lines

2.1. Input impedance of transmission lines

Letx = (R+sL)/N,y = N/(G +sC) in Fig. 1, where
R, L, G and C represent the total resistance, inductance, con-
ductance and capacitance of a transmission line. Z is the load
impedance, N is the number of segments, s = jw and w is the
angle frequency. Then the input impedance of the first segment
is
yZL 1

Z1=Xx+ =X+
! y+Zy

l+1
y  Zv

Dividing both sides of the above equation by ,/xy and get-
ting the reciprocal gives

Fig. 1. Transmission line model by ladder networks, x = (R +
sLY/N,y = N/(G + sC).

* Project supported by the Natural Science Foundation for Outstanding Youth of Zhejiang Province, China (Nos. R105248, Y6090008) and
the National Natural Science Foundation of China (Nos. 10802082, 11172285, 60902011).

1 Corresponding author. Email: zhaojixiang@cjlu.edu.cn

Received 13 August 2011, revised manuscript received 14 October 2011

(© 2012 Chinese Institute of Electronics

035008-1



J. Semicond. 2012, 33(3)

Zhao Jixiang

N 1
Z, _\/7 1 '
-+
y x . 1
=
Ve

Similarly, one can obtain the total input impedance of
transmission lines as

VXY 1
ZN \/24_ - '
y \F+—

Yoo

1
1
X 1
S
Xy

In Eq. (1), the continued fraction includes a 2N unit of
v/ x/y. Let the hyperbolic function sinhf = 0.5,/x/y, then
three kinds of extreme cases are given as follows[”).

(1) When Z, — oo,

(1

cosh(2N + 1)6

ZN-open = VXY NG @
(2) When Z;, — 0
sinh2N 6
ZN ot = Xy VT 3
Neshort = VY Cosh2N — 1)8 @

(3) When Z;, = Z,, where Z, is the characteristic
impedance of transmission lines, using 1/(1 + x) ~ 1 — x,
yields

R+ sL
Z - = Xy = = N
Noeh = v G+sCc °°
by De Moiver’s formula (coshx + sinhx)™ = coshmx +

sinhmx and (1 £ x)™ ~ 1 £ mx +0.5m(m — 1)x% £ m(m —
1)(m —2)x3/3! 4 --- 18] one can obtain

coshmf = 0.5[(cosh 8 + sinh 6)™ + (cosh 6 — sinh 6)™]
]+1x+1 X m+ ]+1x
4y 2Vy 4y
xm
T
N 1+1x y
A 15
m—1) (1 ix\
m(m — X X
A I My I
T (2\/;/ +4y)+

“4)

=0.5
1

1
sinhm6 = 5[(cosh 0 + sinh 6)™ — (cosh # — sinh 6)™]

m
1_|_1x+1 X 1_’_lx
4y 2Vy 4y

m [x 1x m@m—1)(m-2)
{3 VT T 31

(5)
Substitute into Egs. (2) and (3), they expand to
7 . cosh(2N + 1)6
N-open = sinh 2N 6
1 14+ (R+sL)(G+5C)/2
~ , N — o0,
G+5sC1+(R+sL)G+sC)/6
(6)
7 sinh2N 6
short = /XY ————
N-short Y cosh(2N — 1)6
(R+sL)(G +sC)/6
~ (R+sL , N .
R s RsDG rs02 V7>
(7

2.2. Equivalent circuit for transmission lines

The input impedance and admittance of a distributed
model to lossy transmission lines are

Z1 + Zytanh yd

Iiw=2o0——""T,
OZO + Z tanh yd

(®)

v — 1 Zo+ Zy tanhyd
" ZoZL+ Zotanhyd’

where y and d are the propagation constant, and the total length

of the transmission line, respectively. The open- and short-
circuited impedance are given

(€))

Zoe = —20 (10)
P tanh yd
Zshort = Zotanh yd. (11)

In comparison with Eqgs. (6) and (10), (7) and (11), respec-
tively, identical results are obtained.
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Fig. 2. Equivalent circuit of Eq. (10).
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Fig. 3. Frame and lumped element 7 -network of transmission lines.

14+ (R+sL)(G +sC)/6

1+ (R+sL)(G +sC)/2°
(12)

tanhyd = /(R + sL)(G + sC)

And then

sinh yd

N V(R +5sL)(G + sC)
T 1—(R+sL)(G +5C)/6+ [(R+sL)G +sC)|?/48"
(13)

Using Egs. (9) and (12), we obtain the input admittance:

1
R+ 5L
14+ (R+sL)(G+sC)/3
1
+ z_g+ 1+ (R+sL)(G+5C)/3°
ZL G +sC

Yin(s) ~
Zy +

(14)

According to Eq. (14), the corresponding equivalent circuit
is shown in Fig. 2.

2.3. Equivalent r-networks for transmission lines

The distributed transmission line equations are

Vi = Vicoshyd + I, Z sinh yd, (15)

Fig. 4. Frame and lumped element T-networks of transmission lines.

sinh yd

Iy, =V, + I, coshyd. (16)

0

The 7-network frame is shown in Fig. 3, it produces®]
Vi=(0+ZY)V,+ ZI,,

I, =QY + ZY*)Vi+ (1 4+ ZY)I,,

(17)
(18)

where Vs, V;, and I, I are sending- or receiving-end voltages
and currents, Z and Y are resistance and admittance, respec-
tively.

Comparing Egs. (15), (17) and Egs. (16), (18), and utiliz-
ing Eq. (9), one obtains

. R+ 5L
Z = Zosinhyd ~ | RF50D(G +50)
6
_ —6(R+5L)/(G +sC) (19)
" (R+5sL)—6/(G +sC)’
1 1 1 1
Y = — tanh(yd/2) = — -

7, anh(yd/2) = 7 (tanhyd sinhyd)

From Egs. (19) and (20), by virtue of the concept of N-
RLGC, equivalent w-networks are obtained and depicted in
Fig. 3.

2.4. Equivalent T-networks for transmission lines

The ABCD matrices of distributed parameters and lumped
elements from the T-network (depicted in Fig. 4) of transmis-
sion lines are listed as below!!%], respectively,

[Adistributed] = |: sir(i}(:?dy/dzo Zsossil??/gd } (21)
1+ Z1 Zy + Z_12

[Aumped] = 1222 ZZ (22)
z Yz,
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Fig. 5. Input admittance with a capacitive load Cp, = 500 fF, the max- 13.5 60
imal relative errors of real and image part are 1.19% and 0.63%, re-
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0.06 | P n ] 3 :
11.51 20
0.04r 1
Imagc part of ¥, 1.0t — Lumped Model 10
0.02 ' Distributed Model
DN + 051 2 3 4 5 6 7 8 9 10
B~
Frequency (GHz)
-0.027
Image part of ¥}, 5 T 0.010
~0.04} . ©
~0.06+ Real partof ¥, Lumped Model |
+ Distributed Model T &
= ~
-0.08 : : : : = “
0 2 4 6 8 10 S £
Frequency (GHz) < 0f 0.005 &
b= e
<
Fig. 6. Y parameters of w-networks versus frequency, the maximal Ei g
relative errors of real and image part are (1) Y711: 5.21%, 0.70%; (2) E
Y12:0.53% and 1.96%, respectively. — Lumped Model
+ Distributed Model
Comparing Egs. (21) and (22), one can obtain S0 1 2 3 4 5 6 7 8 9 100

Zi _R+sL  (R+5L)*(G +sC)

2 2 24
R+ sL 6
N 2 G+sC
NR+sL+ 6 (23)
2 G+sC
7~ 1 R+sL (R+sL)*(G +sC)
27 G +sC 6 48
( R+SL)( 4/3 )
1
n 6 G+sC (24)

Y G+sC T [ RtsL (B
6 G+sC

by introducing N-RLGC, an analytical lumped T-network of
transmission lines is depicted in Fig. 4.

Frequency (GHz)

Fig. 7. ABCD parameters from Fig. 4 versus frequency. (a) A1 versus
frequency, the maximal relative errors are 0.03% (real part) and 0.02%
(image part) (b) A12 versus frequency, the maximal relative errors are
0.05% (real part) and 0.02% (image part) (c) A2 versus frequency,
the maximal relative errors are 0.01% (real part) and 0.01% (image

part)

3. Model verification
3.1. Frequency domain verification

3.1.1. Input admittance

In order to verify the utilized algorithm, the distributed
model from Eq. (9) and the lumped model from Eq. (14) are
compared. The IC technology cross section is shown in Fig. 2
of Ref. [11] and parameters are chosen from Ref. [11], i.e.
r = 1369 Q/cm, [ = 11.0 nH/cm, ¢ = 1.5 pF/cm, g =
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1.8 x 1073 S/cm, and the length of transmission lines d = 1 14
mm, the approximate lumped parametersare R = rd, L = Id,
C = cd, and G = gd, the driver resistance Ry, = 20 2, and ———
load resistance Z is a capacitive load and its capacitance Cp, = o
500 fF. The simulation result is presented in Fig. 5. 2
=1
3.1.2. m-networks %
The admittance matrix from the equivalent s-network %
(Fig. 3) is g
4 —— Lumped modcl
1 1 —-— Input ramp signal
Y + — A e HSPICE
[Ynet] = 1 1 (25) . L L .
I 0 0.2 0.4 0.6 0.8 1.0
Z Z Time (ns)
And the admittance matrix of the distributed model of Fig. 8. Near-end ramp response.
transmission lines is
Vo] = L [ coth ycz —e yj } 26) L, _LC+3LG + RCURC +GL)
Zo cscy cothy 2 LCR.C, )
The same parameters are chosen as for Section 3.1, Y7
and Y7, are depicted in Fig. 6. b LC +3LCL RC + GL + 3RCy,
2= S A 1= ,
3.1.3. T-networks LERCL LCRCL
The validity and accuracy of T-networks are evaluated b — 3+ RG
through parameters A;;, Aj2, A1z of the ABCD matrix of 0= LCR.Cy’

transmission lines in the frequency domain. The transmission
line parameters are the same as above. The simulation results
from the distributed model and the lumped model are presented
in Fig. 7.

3.2. Time domain verification

A single RLCG line proposed in Refs. [12, 13] is consid-
ered. The lossy transmission line with load capacitance Cp =
500 fF is 1 cm long, and its parameters are R = 42.5 2, C =
1.1 pF, L = 4.05nH and G = 0.3 mS, and the driver resis-
tance Ry = 23.54 Q. The input signal is a ramp with a rise time
of 0.1 ns and voltage 1.2 V. The near- and far-end response is
discussed in this section.

3.2.1. The near-end response

The transfer function from the input to the near-end is

Vout-near(s) — Zin(s) — 1
Vin(s) Zin(s) + Rs 1+ Yin(s) Ry

_ by5? + bys + by _ bys? + bys + by
Cs3taxs?+ais+ap (s —s1)(s —s52)(s —53)
27)

Hcar (S) =

where 51, 5, and s3 are the roots of the equation s3 4 a,s2 +
ais + ap = 0. Their analytical formulas can be obtained by
the Gerolamo Cardano method!®], and the other parameters are
given as follows:

34+ RG 43RG
= "TCcrRC.
4y = RC+ GL + RRGCy +3RCL 4 3R,Cy +3R.C
LCR.C, ’

In this case, there is one real root (s1) and two complex
conjugated roots (s, and s3), so the inverse Laplace transfor-
mation has to follow the form.

hnear(l) = Aleslt

+ Fikc(B1, C1), ks[B1, C1, w(s2,53)], (52, 53)},
(28)

where

Fike(x,y), ks[x, y, @(sm, 50)], & (Sm. Sn)}

= ke coswt + kse* sinwt, (29)

and

(x = y)(Sm — 5n)

ke(x,y) = x +, 2w(Sm, Sn)

ks[x’ Vs w(sm9 Sn)] =

2
O[(Sm, Sn) = %a (,()(Sm, sn) = \/Smsn - (%) 5

_ bysi 4+ bisi + by

(51— 52)(s1 —83)

_ bys3 + bisy + by

A = ,
! ' (52— 51)(s2 — s3)

_ bas3 + biss + b

(53— s1)(s3—52)

1

Convoluting A, (¢) with the input ramp signal, the simu-
lation and HSPISE results are depicted in Fig. 8.
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3.2.2. The far-end response

The transfer function from the input to the far-end of a line
with source and load impedance for a transmission line system
can be carried out based on the lumped element 7r-networks by
chain matrix formulation. It is given by

bo
4 3 2
s* 4+ azs’ + axs®+a1s + ap

bo

T =) =525 —53)(s —54)

Hfar(s) =

(30)

where 51, 52, 53 and s4 are the roots of the equation s* +a3s3 +
a>s? +ays + ag = 0. The analytical formulas can be found in
Ref. [8]. There are two pairs of complex conjugated roots (s1,
52) and (53, s4). The other parameters are given as follows:

6
by = ————,
°T ccL?
CLGL? + LR,C? +2CCLLR + 3CCLLR;
az = S
3 CCLL2
CCLR?> + C?RRy+ 2CL.GLR + 2CGLR,
a» =
2 CCLL?
N 3CL +3CLGLR, +3CCLRR, + 6LCy
CCLL? ’
CLGR? + G%LR, + 2CGRR,
ay =
! CCLL2?
N 3(GL 4+ CR + CLGRR,) + 6(CLR + CRy + CLR,)

CCLL?

6 4+ G2RRs + 3GR + 6GR,
dog = .
0 CCLL2

The inverse Laplace transformation is
hfar(t) = F{kC(BZs A2), kS[B27 A29 w(sla SZ)]» a(sl ) 52)}
+ F{kC(D27 C2)5 kS[D25 C25 C()(S3, S4)]a O((S’_’,, S4)},

(€29)
Az = bo ,
(51— 52)(s1 — 83) (851 — 54)
— b()
B2 = (52— 51)(s2 — 53) (52 — 54)
€= (53 —51)(s3 — 52)(53 — 54)
D, b

B (54 —51)(54 — 52) (54 — 53)

Similarly, convoluting /¢, (¢) with the input ramp signal,
the simulation and HSPISE results are depicted in Fig. 9.
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Fig. 9. Far-end ramp response.

4. Discussion and summary

Based on continued fraction theory and by virtue of the
N-RLGC, the lumped elements equivalent circuits of transmis-
sion lines are given and compared with the distributed model.
The errors are given in the caption of each figure. For Figs. 5
and 6, the maximal relative error is 5.21%, and for Fig. 7, the
maximal relative error is 0.05%. The reasons for the relatively
large difference between the errors are that second order ap-
proximation of series (1 + x)™ is adopted in Egs. (14), (19),
and (20), and third order approximation in Eqgs. (23) and (24),
respectively. The simulated near- and far-end response of the
ramp signal is compared with HSPICE with a mean relative
error of less than 2%, so this equivalent network is accurate.

To equivalent circuits, w-networks and T-networks, all er-
rors come from three areas: first, the approximate hyperbolic
tangent and sine expression from Egs. (12) and (13); second,
the disregard of end- or fringe-effects of transmission lines, and
adopting R =rd, L =1ld,C = cd,and G = gd instead of
the total resistance, inductance, conductance and capacitance
of transmission lines; last, these parameters are taken to be con-
stant, although they are often frequency dependent (e.g., due to
the skin effect).

5. Conclusion

The lumped models, 7-networks and T-networks of trans-
mission lines are given in this paper. These models are useful
for measuring and extracting the interconnect performance of
IC interconnect conductors and dielectrics in a single. As a nec-
essary tool for circuit design, it can efficiently represent their
electrical performance for circuit simulation with other design
components.
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