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1　Introduction

The measure me nt of a si ngle elect ron sta te i n

solid2state syste ms has at t racted widesp rea d at te n2
t ion i n rece nt yea rs [ 1～4 ] . This re newed i nte rest

la rgely ste ms f rom t he new f ield of qua nt um com2
p uta tion ,since a qua nt um2measure me nt p rocedure

is nee ded , f or i nsta nce , at t he e nd of a comp uta2
t ion t o rea d t he f inal results , or eve n i n t he course

of comp uta tion f or t he p urp ose of e r ror cor rec2
t ion . A p ossible i mple me ntation of qua nt um meas2
ure me nt i n solid states is a c ha rge qubit measured

by a mesoscop ic detect or , w hich could be , f or ex2
a mple , t he qua nt um p oint contact ( Q PC ) [ 1～4 ] .

Ve ry rece ntly , a n elega nt exp e ri me nt was p e r2
f ormed by e mp loyi ng a Q PC t o measure t he qua n2
t um dot occup ation by a n ext ra elect ron , w hich is

f urt he r associated wit h a si ngle elect ron sp i n

state [ 5 ] . This exp e ri me nt clea rly de monst rate d t he

ext re mely high se nsitivity of t he Q PC detect or ,

i mp lyi ng its p ossible wide app lica tion i n t he f u2
t ure . It is t he ref ore imp orta nt t o develop a relia ble

t heoretical descrip tion f or t his i mp orta nt qua nt um

measure me nt device .

This measure me nt p roble m was f i rst st udied

t heoretically by Gurvitz [ 1 ] ,f ollowed by ma ny ot h2
e r groups [ 2～4 ] . He re we me ntion t h ree t yp ical ap2
p roaches e mploye d i n t he lite rat ure : ( 1) t he so2
called Bloch equation app roac h develop e d i n Ref .

[ 1 ] a nd a num ber of ot he r p ap e rs by Gurvitz et

al . ; ( 2 ) t he qua ntum t raject ory tech nique f rom

qua nt um op tics by Goa n et al . [ 6 ,7 ] ; a nd ( 3) t he

Bayesia n app roac h by Korot kov et al . [ 8～10 ] . I n

sp ite of t hei r dif f e re nt f or ms i n app ea ra nce , t hese

t h ree app roac hes a re equivale nt i n esse nce . I n p a r2
t icula r ,all of t he m a re based on t he sa me (uncon2
ditional) L i ndbla d maste r equation . Howeve r , as

clea rly ma nif ested i n Ref . [ 1 ] , t he associa ted

L i ndbla d maste r equation w ould result i n t he uni2
ve rsal equal occup ation p roba bilit y on t he qubit

st ates i n a sta tiona ry sta te . O bviously , unde r f i nite

volt ages t his result brea ks dow n t he detailed bal2
a nce condition , w hich is t hus valid only a t a high

voltage li mit [ 11 ,12 ] . I n t his wor k , we exte nd t he

st udy t o a rbit ra ry voltages . Furt he r more , beyond

t he tw o2state qubit , we will also conside r a multi2
state syste m .

2　Model description and formalism

As sche matically s how n i n Fig. 1 ,f or ge ne ral2
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i t y ( ra t he r t ha n t he tw o2state qubit) , let us consid2
e r a n elect ron i n a one2dime nsional a r ray of cou2
p le d qua nt um wells ,w hich is measured by a meso2
scop ic Q PC. The e nti re syste m Ha milt onia n rea ds

Fig. 1 　Schematic illust ration of using t he mesoscopic

quantum2p oint2contact t o measure an elect ron in mul2
tip le coupled quantum wells

H = H0 + H′ (1a)

H0 = HS + ∑
k

(εLk c­
k c k +εR

k d­
k d k ) (1b)

HS = ∑
N

j = 1

εj c­
j c j + ∑

N - 1

j = 1

(Ωj c­
j + 1 c j + H. c . ) (1c)

H′= ∑
k , q

(Ωqk + ∑
j

χj
qk c­

j c j ) c­
k d q + H. c .

(1d)

In t his decomp osition , t he f ree p a rt of t he t otal

Ha milt onia n , H0 , contains Ha milt onia ns of t he

measured syste m ( HS ) a nd t he Q PC rese rvoi rs

( t he last two te rms) . The op erat or c­
j ( c j ) cor re2

sp onds t o t he crea tion ( a n ni hila tion) of a n elec2
t ron i n t he j t h well . For simplicit y we assume t ha t

each well contai ns a si ngle bound sta teεj a nd is

coup le d only t o its nea rest neighbors wit h cou2
p li ngsΩj a nd Ωj - 1 . c­

k ( c k ) a nd d­
k ( d k ) a re , re2

sp ectively , t he elect ron creation ( a nni hilation )

op e rat ors of t he lef t a nd right rese rvoi rs of t he

Q PC. The Ha milt onia n H′describes elect ron t un2
neli ng betwee n t he tw o rese rvoi rs of t he Q PC de2
tect or wit h , f or i nsta nce , tunneli ng a mplit ude Ωqk

+ ∑
j
χj

qk c­
j c j ,w hic h ge ne rally dep e nds on t he meas2

ured elect ron’s p osition t hat is cha racte rize d by

t he occup ation op erat or c­
j c j . This dep e nde nce

p rop e rly describes t he cor relation betwee n t he de2
tect or a nd t he measured syste m , w hic h e na bles us

t o draw out measure me nt i nf or mation f rom t he

outp ut cur re nt , a nd simulta neously p rop agates t he

back2action of t he detect or ont o t he measured sys2
te m ,causi ng state dep hasi ng a nd relaxa tion .

Statistically , t he measure me nt bac k2action

ont o t he measure d syste m is describe d by a qua n2
t um maste r equation ( Q M E) t hat is satisf ied by

t he reduced de nsit y mat rix . Rega rdi ng t he t unne2

li ng Ha milt onia n H′as a p e rt urbation , t he second2
orde r cumula nt exp a nsion gives rise t o a f ormal e2
quation f or t he re duced de nsity mat rix [ 13 ] :

ρ
·

( t) = - i Lρ( t ) -

∫
t

0
dτ〈L′( t ) G( t ,τ) L′(τ) G­ ( t ,τ)〉ρ( t ) (2)

He re t he L iouvillia n sup e rop e rat ors a re def ined

as , L ( ⋯) ≡[ HS , ( ⋯) ] , L′( ⋯) ≡[ H′, ( ⋯) ] , a nd

G( t ,τ) ( ⋯) ≡G ( t ,τ) ( ⋯) G­ ( t ,τ) wit h G ( t ,τ)
t he usual p rop agat or ( Gree n’s f unction) associa t2
ed wit h HS . The re duced de nsit y mat rixρ( t ) =

TrD [ρT ( t ) ] , results f rom t raci ng out all t he detec2
t or degrees of f reedom f rom t he e nti re de nsit y

mat rix . Followi ng Ref . [ 11 ] , t he unif ie d Q M E is

obtai ne d as

ρ
·

= - i Lρ -
1
2

[ Q , Q
～
ρ- ρQ­ ] (3)

w here Q ≡Ω0 + ∑
j
χj c

­
j c j . For simplicit y , we have

assumedΩqk =Ω0 a ndχj
qk =χj , i . e . t he tunneli ng

a mplit udes a re of rese rvoi r2sta te i ndep e nde nce .

Ot he r qua ntities a nd nota tions i n Eq . (3) a re ex2

p lai ned as f ollows . Q
～

= Q
～

( + )
+ Q
～

( - )
, a nd Q

～
( ±) =

C
～

( ±) ( L ) Q ,wit h C
～

( ±) ( L ) t he sp ect ral f unction of

t he Q PC rese rvoi rs . U nde r wide2ba nd app roxi ma2

t ion , C
～

( ±) ( L ) ca n be exp licitly ca r ried out as :

C
～

( ±) ( L ) =η[ x/ ( 1 - e - x/ T ) ] x = - L º V , w here η=

2πgL gR ,wit h gL ( gR ) t he de nsit y of states ( DOS)

of t he lef t ( right) rese rvoi r , a nd T is t he te mp e ra2
t ure . I n t his w or k we use t he unit syste m of Ü=

e = kB = 1. The mea ni ng of t he sup e rop e ra t or

f unction C
～

( ±) ( L ) will become more clea r by ex2

p licitly ca r ryi ng out t he mat rix ele me nts of Q
～

( ±) .

I n t he eige n2sta te basis { | Em〉} , we easily obtai n

Q
～

( ±)
mn = C

～
( ±) ( ±ωmn ) Q mn , w he re ωmn = E m - E n

a nd Q mn =〈 E m | Q | E n〉. I n t his de riva tion , t he

si mp le algebra〈 E m | L Q | E n〉=〈 E m | ( HS Q -

Q HS ) | E n〉= ( E m - E n ) Q mn has bee n use d. Here

we see clea rly t hat t he L iouvillia n op e rat or“L”i n

C
～

( ±) ( L ) p rop e rly i nvolves t he e ne rgy t ra nsf e r be2
twee n t he detect or a nd t he measure d syste m i nt o

t he t ra nsition rates , a nd t hus implies a detailed

bala nce condition w hic h dete r mi nes t he sta tiona ry

occup ation p roba bilities .

The last te r m [ ⋯] i n Eq . ( 3 ) describes t he

back2action of t he detect or on t he measure d sys2
te m . I n t he high2voltage limit ,f or mally V µ L , t he

sp ect ral f unction C
～

( ±) ( L ) ∆ C
～

( ±) (0) , a nd Eq. (3)
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reduces t o a L i ndbla d2t yp e maste r equation

ρ
·

= - i Lρ+ C
～

(0) QρQ -
1
2

( Q2ρ+ρQ2 ) (4)

w here C
～

(0) = C
～

( + ) (0) + C
～

( - ) (0) . I t is st raightf or2
wa rd t o check t hat t his equation is t he maste r e2
quation t ha t app ea re d i n Refs . [ 1 ,6～10 ] .

I n t he f ollowing , we st udy t he measure me nt2
i nduce d relaxation of a qubit ( i . e . N = 2) a nd a

multi2sta te syste m , resp ectively . The detaile d2bal2
a nce p rop e rt y of our Q M E will be ela borate d ,a nd

discussions will be highlighte d t o some i mp orta nt

f eat ures resulting f rom t he detaile d bala nce ,

w hich is a bse nt i n t he L i ndbla d2t yp e Eq. (4) .

3　Measurement of a qubit

For a si ngle qubit , t he re is a bound level i n

each well ,εa a ndεb . For cla rit y , our discussion is

rest ricted i n t he sym met ric qubit case (εa =εb ) .

U nder qua nt um measure me nt , a p ure state of t he

qubit st a te evolves i nt o a statistical mixture . Fig2
ure 2 s hows such evolution by p lot ti ng t he time2
dep e nde nt occup ation p roba bilities on t he i ndivid2
ual dot states . The releva nt p a ra mete rs f or numer2
ical calculations a re a dop te d as f ollows : t he ap2
p lie d voltage ove r t he Q PC V = Ω, t he i nve rse

te mp erat ureβ= 1/Ω, t he DOS i n bot h elect ron

rese rvoi rs gL = gR = 2/Ω, a nd f or t he Q PC , we as2
sume t he t unneli ng a mplit udes Ω0 =Ω a nd χa =

01 15Ω ,χb = 0.

I n t he dot2state rep rese ntation as show n i n

Fig. 2 ( a ) , desp ite ce rtai n qua ntit a tive dif f e re nces

on a short ti me scale , a com mon f i nal occup ation

p roba bilit y of 1 = 2 i n each dot is app roache d , re2
ga rdless of w het he r t he detailed bala nce is sa tis2
f ied . However ,i n cont rast t o Ref . [ 1 ] , t his f ea t ure

is valid only f or sym met ric qubits , w hile i n t he

asym met ric case , it is only valid i n t he li mit of

la rge measure me nt voltage , as we will show in t he

multi2level syste m .

Moreove r , eve n i n t he sym met ric case , t he

i mp act of t he detaile d bala nce on t he qubit relaxa2
t ion ca n be revealed by t ra nsf or mi ng t he result i n

Fig. 2 (a) i nt o t he qubit eige nsta te rep rese ntation ,

as s how n i n Fig. 2 ( b) . N oti ng t hat i nitially t he e2
lect ron is located i n t he lef t dot , w hic h is equiva2
le nt t o a 1 = 2 p roba bilit y in each eige nstate of t he

sym met ric qubit , t he consta nt das he d li ne i n Fig. 2
( b) i ndica tes a n equal occup ation p roba bility of

Fig. 2 　Measurement induced qubit relaxation in t he

individual dot2state rep resentation ( a) and t he eigen2
state rep resentation ( b) 　The results in t he p resence

and t he absence of t he detailed balance are symbolized

by“C ( L)”and“C (0)”, respectively.

t he tw o eige nstates i n t he a bse nce of detaile d bal2
a nce . However , if t he e ne rgy excha nge betwee n

t he measured qubit a nd t he Q PC detect or is cor2
rectly accounted f or , relaxa tion betwee n t he

eige nsta tes will lea d t o quite dif f e re nt occup ation

p roba bilities as show n by t he solid curves i n Fig. 2
(b) .

For t he sym met ric qubit , si nceεa =εb , t he f i2
nal equal occup ation p roba bilit y of 1 = 2 i n each

dot is a nticip a ted . However , as s how n by Gur2
vitz [ 1 ] , i n t he asym met ric case (i . e . f or non2ide n2
t ical coup led dots) , a f i nal equal occup ation p rob2
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a bilit y of 1 = 2 i n each dot will also be ap2
p roache d. A si mila rly conf using f eat ure also exis2
ted i n t he brea kdow n of t he A nde rson localiza2
t ion ,w here equal occup ation p roba bilities on each

site of t he disorde re d chai n were conclude d [ 14 ] .

We would li ke t o e mp hasize he re t hat t he results

i n Refs . [ 1 ,14 ] a re valid only i n t he li mit of la rge

measure me nt voltage .

4 　Measurement of a multi2state sys2
tem

　　N umerically ,we f urt he r conside r N = 20 wells

wit h ra ndomly dist ributed e ne rgy levels (εj ) . To

disti nguis h t he elect ron’s p osition i n each qua n2
t um well , we assume qua nt um2well2state2dep e nd2
e nt t un neling coef f icie nts t h rough t he Q PC , i . e .

Ω0 +χj , a ndχj =Ω/ 4 + ( j - 1) 2 wit h j = 1 ,2 , ⋯,

20 . The nume rical results f or measure me nt2i n2
duce d relaxation a re show n i n Fig. 3 ,w here we as2
sumeΩj =Ω, a nd ot he r p a ra mete rs a re t he sa me as

i n t he qubit measure me nt .

Rat he r t ha n w or ki ng i n a la rge voltage li mit

as i n Ref . [ 14 ] , he re we p a rticula rly f ocus on t he

low voltage regime ,say , V <Δ,wit hΔt he disorde r

st re ngt h . Initially ( at ti me t = 0 ) , t he elect ron is

assumed t o be i n t he ground state ,wit h a dist ribu2
t ion p roba bilit y domi na ntly localizi ng i n t he eigh2
tee nt h well , as s how n by t he solid curves i n Fig. 3 .

As a result of t he measure me nt , t he state relaxa2
t ion gra dually ta kes p lace , i . e . delocaliza tion

lea ds t o t he redist ribution of elect ron p roba bilit y

i n each well . N ote t ha t our result show n i n Fig. 3
(a ) dif f e rs conside ra bly f rom t hat i n Fig. 3 ( b )

base d on t he L i ndbla d2typ e maste r equation , Eq.
(4) . The lat te r s hows t hat af te r suf f icie nt relaxa2
t ion eac h well is occup ie d wit h a n ide ntical p roba2
bilit y ,w hich was p rove n a nalytically i n Ref . [ 14 ] .

However , our t reat me nt lea ds t o unequal occup a2
t ion p roba bilities i n eac h well . This discrep a ncy o2
rigi na tes f rom w het he r t he i nelastic e ne rgy ex2
cha nge betwee n t he detect or a nd t he measured

syste m is p rop e rly i ncluded i n t he t ra nsition

rates [ 11 ,12 ] , w hich lea ds t o a non2t rivial detailed

bala nce condition . Re ma r ka bly , we notice t hat ig2
nori ng t his i nelastic ef f ect i n t he t ra nsition rates is

equivale nt t o assumi ng t he la rge voltage li mit .

This is in p a rticula r illust rated by Fig. 3 ( c ) i n

comp a rison wit h Fig. 3 ( b) .

Fig. 3 　Measurement2induced delocalization of t he e2
lect ron , w hich is initially dominantly localized in t he

eighteent h quantum well (in t he ground state) , as de2
noted by t he solid curves　Shown in t he f igure by t he

dashed , dot ted , and symbol curves are t he dist ribution

p robabilities in each well , at times 0 . 4 , 0 . 8 , and

500Ω - 1 , resp ectively. In t he low voltage regime , t he

detailed2balance p reserved result in (a) diff e rs consid2
erably f rom t hat in ( b) obtained f rom t he L indblad

master equation , Eq. (4) . In t he high voltage limit , t he

result in (c) f rom Eq. (3) recovers t he p rediction by

Eq. (4) .

5　Conclusion

We have st udied t he relaxation nat ure of a

qubit a nd a multist ate syste m under t he qua nt um

measure me nt of a mesoscop ic detect or . Dif f e ri ng

f rom t he L i ndbla d2t yp e maste r equation [ i . e . Eq.
(4) ] , w hich is i n f act t he sta rti ng p oi nt of some

rece nt lite rat ure [ 1 ,6～10 ,14 ] , our t reat me nt p rop e rly

accounts f or t he e ne rgy exc ha nge betwee n t he

measure d syste m a nd t he detect or , w hich lea ds t o

t he valid detailed2bala nce relation a nd cor rect re2
laxation be havior . The p rese nt wor k may shed

new light on t he f ut ure st udy of solid2state qua n2
t um measure me nt a nd qua nt um f ee dback cont rol .
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介观测量仪器对单电子态的量子测量 3
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摘要 : 对于一个实际的测量装置 ,即被介观测量仪器所测量的两态 (量子比特)或多态量子系统做了理论研究.为
了正确描述测量引起的反作用 ,发展了一个保持细致平衡条件的量子主方程的方法 ,建立的这套方案适用于任意
电压和任意温度.
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