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New Method for Determining Characteristic Parameters
of Normal Distribution
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Abstract: By proportional differentiating cumulative distribution function of normal distribu-
tion, the spectroscopy characteristics are found. The characteristic parameters can be extracted
directly from the height and position of the spectroscopy peaks. On this basis, a new method for
determining these parameters of normal distribution is developed. This method can be applied to

microelectronics reliability study.
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1 Introduction

Normal distribution is widely used in every fields, especially in microelectronics. It is a
popular tool in microelectronics reliability study. T he characteristic parameters, p and o,
are key to this distribution. Some estimate methods, such as Maximum Likelihood Estimate
(MLE), Minimum Variance Unbiased Estimate (MVUE) etc., have been developed. But
they are all complicated in computation. XU, TAN et al. have developed a proportional dif-
ference theory'"”. By using difference analysis method, some monotonic function can be
changed into a new function with spectroscopy characteristics. These peaks ( height and

position) relate with the characteristic parameters of the system directly. T herefore, the
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characteristic parameters of the complicated system can be extracted from these peaks. Us—
ing Proportional Difference Operator (PDO), proportional difference characteristics of the
cumulative function of normal distribution were analyzed. The proportional difference of

the cumulative distribution is a spectroscopy function. Based on these characteristics, a new

method proportional Difference Estimate( PDE) method, for direct estimation of the

characteristic parameters of normal distribution was developed.

[1.2]

2 Difference Damped Function Theory

If f(x) is strictly monotonic over [0, ), continuous and differentiable on [0, =),
and if £(0)= A, and Jli_.nlf(x)= B,where A and B are two constants, then there exists x, €

[0, =), such that
Fl(xy) = = 0 (D

where
F(x) = Bf () = f(kx) = f(x) k> 1 (2)
is the proportional difference of f (x). Ay is the proportional difference operator. k is a con—
stant larger than 1. 0. The proof is straightforward from the arithmetic theorem of continu-
ous functions. If f(kx) and f(x) are strictly monotonic, continuous and differentiable on
[ 0, ), respectively, then
F(0) =0, forx =0 (3)
and
‘Iggf-[x) = 0,forx — o (4)
by Rolle’s theorem'”, there must exist xp €[ 0, ), such that F'(x,) = 0. Therefore, the

above theorem is a common mathematical basis.

3 Proportional Difference Estimate( PDE)
The probability density function of normal distribution is defined as
fy= e (5)
The cumulative distribution function is

F(1) = j e e

where p and 0 are two constants: position and scale factors, respectively. They are also

dx (6)

called as the mean value and standard deviation of the normal distribution. It is obviously
that the cumulative function ( Equation (6)) is monotonic on [0, ), and F(0) = 0,
]irEF(t) = | are two constants. T herefore, the proportional difference of F(t) over [0, =)
must exist a peak at {= t,.

According to Leibnitz’s rule'”, proportional differentiating Equation (6) yields,
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k.t l _ l .r—uu 2
AF(t) = F(kot) = F(1) = f -'IIZTTO'E dx (7)
where kp is a constant larger than 1. The peak condition of AF (1) is
dAF (1) _
de =1 0 (8)

Combining (7) and (8), rearranging terms yields
(ky = 12 = 2u(ky— 1)t = 20°Ink, = 0 (9)
Solving (9) yields

(kp— Dy + J(ky— 1)%%+ 2(ki— 1)¢*Ink,
ki— 1

tp =

(10)

Since t €[ 0, =), the negative t, should be deleted. Let kp be a constant little larger than 1.
Make kp= 1+ &, where €< 1. So Inky= In( 1+ &) can be approximated as

In(1+ g) ~E&. (11)
Substituting &y by 1+ £, In( 1+ &) by € the ratio of the two parts in the square root can be

written as
2(ky = 1)0lnk, __ Lol | al?
(k- )2 225D =40, (12)

[n reliability study, the standard deviation ¢ is much smaller than the mean value u, so
(12) is much smaller than 1. Therefore, 2(ky— 1) ¢’Inky can be approximated as 0 with re-

spect to (ky— 1)°u”. Therefore, the peak position is

I}.Ekl‘+ IEH (13)

Combining (7) and ( 13) yields

k n _ L x=u 2 . =
&pF{ tp) = _r]—f'.‘ e dx = &;—]Ip ( 14}
v 2m0o 12mo

Thus, the standard deviation is got from (14),

by = 1 (15)

— Iy
-'IZTTAPF[tp) ]

Like the relationship between ¢ and f ()., ¢ is proportional the reciprocal of the peak

height, AyF (tp). F(t) (Equation (6)) is a monotonic function over [ 0, ), and has no
peak. But the proportional differnece of F(t) has a peak. This peak (position and height)
relates with the characteristic parameters y and ¢ directly. Therefore, p and ¢ can be de-
rived from the peak. In practice, the first thing we get is the cumultive failure rate (F (1)),
then we get the probability density f (¢) by differentiating F (). Therefore. to estimate the
characteristic parameters of normal distribution, PDE method is direct and convenient with
respect to that through probability density function f(¢t).

In microelectronics reliability study, (in Equation (5) and (6)) commonly refers to
the time being (e. g. the stress time) . Accordingly. the parameters p is the mean time (e. g.

the lifetime of the devices). Therefore, PDE method can be applied to reliability study.
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Here is an application of this method.
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spectively, through the widely used

graphical method'”. Therefore, these results agree well with those through conventional
method. It is important to notice that the variable in this example is activation energy Q,
not stress time ¢. This is just an example to illustrate the PDE method. Certainly, this new
method can be applied in every field where normal distribution is used.

Due to the approximation of Eq. (11), ks must be small enough. T he constant k; is set
to be 1. 01 in this case. When kp is smaller than 1. 01, the estimated results are almost the
same as those when £y equals 1. 01. Nevertheless, when £, is larger than 1. 01, the larger the
kp is, the larger the deviation is. But when kp is too small, it is very difficult to estimate the
characteristic parameters because a large noise will be induced in proportional difference of

F(t).Therefore, ky being equal to 1. 01 is the best condition for this PDE method.
4 Conclusion

The proportional difference of the cumulative distribution function of normal distribu-
tion has spectroscopy characteristics, and the characteristic parameters are related to the
spectroscopy peak. A new method——PDE method, for direct estimation of the character—
istic parameters of normal distribution, was developed on this basis. If experimental data a—
gree with normal distribution, this method can determine the characteristic parameters di-
rectly and accurately. So PDE method is a useful tool in microelectronics reliability study,

especially in metal electromigration field.
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